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1 Measure spaces

Definition 1.1. A set S contains s if s € S. A set S includes F' if FF C S.
Definition 1.2. An algebra ¥ on a set S is a set of subsets of S such that
o S ey,
o If € Xy, then F° € ¥y, where F* =S\ F,
o If F/G € 3y, then FUG € X.
Proposition 1.1. If ¥ is an algebra on S,
o )Xy,
o If F/G € 3y, then FNG € %.
Definition 1.3. A trivial algebra on S is given by {0, S}.

Definition 1.4. A o-algebra ¥ on S is an algebra on S such that

UF.ex

neN

for any sequence (F,, € ¥ | n € N), which also implies

ﬂﬂei

neN

Definition 1.5. A measurable space (5, X) is a pair composed of a set S and a o-algebra ¥ on S. An element of
) is called a Y-measurable subset of S.

Definition 1.6. Let C be a set of subsets of S. The g-algebra ¢(C) generated by C is the smallest o-algebra 3 on
S such that C C 3. The o-algebra o(C) is the intersection of all the o-algebras on S that include C.

Note that the set P(S) of all subsets of S is a o-algebra on S that includes any set of subsets C.
Definition 1.7. The Borel B(R) o-algebra is the o-algebra on R generated by the set of open sets of real numbers.

Proposition 1.2. Let 7(R) = {(—o0, ] | # € R} be the set that contains every interval that contains every real
number smaller or equal to every real number z € R. The o-algebra generated by 7(R) is o(7(R)) = B(R).

Proof. First, recall that (—oco,z] = (,cy+ (—00, 2 + n~'). Because B(R) is a o-algebra on R that contains every
(—oo0, +n~1), we have (—oo, ] € B(R). Because B(R) is a o-algebra on R that includes 7(R) and o(7(R)) is the
smallest o-algebra on R that includes 7(R), we have o(w(R)) C B(R).

Second, recall that every open set of real numbers is a countable union of open intervals. Because o(m(R)) is
a o-algebra on R, if it contains every open interval, then it contains every open set of real numbers. This would
also imply that B(R) C o(7(R)), since o(w(R)) is a o-algebra on R and B(R) is the the smallest o-algebra on R
that contains every open set of real numbers. In order to show that o(m(R)) contains every open interval, first
note that (a,u] = (—oo0,u] N (—00,a]¢ € o(n(R)) for any v > a and then note that (a,b) = U, en+(a,b — en™1] for
e=(b—a)/2. O

Definition 1.8. Consider an algebra X on a set S. A function pg : 3¢ — [0, 00] is called additive if po(f) = 0
and, for any F,G € ¥g such that FNG = 0,

po(F'UG) = po(F) + po(G).



Definition 1.9. A function pg : 3¢ — [0,00] is called countably additive if pg(f) = 0 and, for any sequence
(F, € o | n € N) such that F,, N F,, = 0 for n # m,

neN neN

whenever | J F,, € 3. This last requirement is always met when ¥ is a o-algebra.

neN

Definition 1.10. Let (S,%) be a measurable space. A countably additive function p : ¥ — [0,00] is called a
measure on (5,X). The triple (S, %, i) is called a measure space.

Proposition 1.3. A measure space (5, %, ) has the following properties:
o If u(S) < oo and A, B € X, then u(AU B) = u(A) + u(B) — n(AN B),
o If A, Be X, then u(AUB) < u(A) + pu(B),
o 1 (Unen Fr) <X en 1(Fy) for any sequence (F, € ¥ |n € N).
Definition 1.11. A measure p on the measurable space (S, ) is called finite if u(S) < oo.

Definition 1.12. A measure £ on the measurable space (S, X) is called o-finite if there is a sequence (S, € ¥ | n €
N) such that x(S,) < co and UpenS, = S.

Definition 1.13. A measure p on the measurable space (5,3) is called a probability measure if p(S) = 1. The
triple (S, X, ) is then called a probability triple. A set F' € ¥ is called p-null if u(F) = 0. If a statement is false
only for elements of a p-null set F' € X, then the statement is said to be true almost everywhere.

Definition 1.14. A w-system Z on S is a set of subsets of S such that if I;, I, € Z, then Iy N1, € T.
Definition 1.15. A d-system D on S is a set of subsets of S such that

e SeD;

e If A/BeDand AC B, then B\ A € D;

e For any sequence (4, € D |n € N), if A, C A,y for every n € N, then U, A4,, € D.

Definition 1.16. Let C be a set of subsets of S. The d-system d(C) generated by C is the smallest d-system on S
such that C C d(C). The d-system d(C) is the intersection of all the d-systems on S that include C.

Proposition 1.4. A set X of subsets of S is a o-algebra on S if and only if ¥ is a m-system and a d-system on S.
Proof. If ¥ is a o-algebra on S, then:

o If EFeX then ENF €%

e Se¥;

e If EEFeXYand ECF,then F\E € ¥, since F\ E=FnNE"

e For any sequence (F,, € ¥ |n € N), if F,, C F,41 for every n € N, then U, F}, € X.
If ¥ is a w-system and a d-system on S, then:

e S

o If F€ X, then F€ € X, since EC S and S\ F = E¢;

e f E.FeX, then EUF € X, since (E°NF¢)¢=FEUF;

o If (£, € ¥ | n € N) is a sequence, then U, E,, € ¥. In order to see this, let G, = U,<,E,, for every k € N.
Since G, € ¥ and Gy C G4 for every k € N, we know that UGy € X.

O

Lemma 1.1 (Dynkin’s lemma). If Z is a m-system on .S, then d(Z) = o(Z).



Proof. We will show that d(Z) is a m-system on S, so that d(Z) is a o-algebra on S and ¢(Z) C d(Z). Because o(Z)
is a d-system on S that includes Z, we know that d(Z) C o(Z), which will show that d(Z) = o(Z).

Let Dy = {B €d(Z) | BNC € d(Z) for every C € T}. For every every B,C € Z, we know that BNC € 7.
Because Z C d(Z), we also know that Z C D;. Furthermore, D; is a d-system on S:

e SeDy,since Se€d(Z)and SNC =C and C € d(Z) for every C € T.

e If By, By € Dy and By C By, then By \ By € D;. In order to see this, note that, for every C € Z,
(BoNC)\ (B1NC)=(BaNC)N(BfUC®) =BaN(CN(BfUC?))=BaN(BfNC)=(B2\ By)NC.

Since (B1NC) € d(Z) and (B2NC) € d(Z) and (ByNC) C (B2NC), we know that (BoNC)\ (B1NC) € d(T).
Therefore, By \ By € d(Z) and (B2 \ B1) N C € d(Z) for every C € Z, so that By \ By € D;.

e For any sequence (B, € D; | n € N), if B,, C By,41 for every n € N, then U, B,, € D;. In order to see
this, note that, for every n € N and C € Z, we have B, N C € d(Z) and B, N C C B,41 NC. Since
Un(B,NC) = (U,By) N C, we know that U,B,, € d(Z) and (U,B,) N C € d(Z) for every C € Z, so that
Un B, € D;.

Because Z C Dy, we know that d(Z) C D;. By definition, we know that Dy C d(Z), so that D; = d(Z). Therefore,
for every B € d(Z) and C € Z, we know that BN C € d(Z).

Let Dy = {A € d(Z) | AnB € d(Z) for every B € d(Z)}. From the previous result, we know that Z C D,.
Furthermore, D5 is a d-system on S:

e S €Dy, since S €d(Z)and SN B =B and B € d(Z) for every B € d(T).

o If A;, Ay € Dy and A; C Ay, then Ay \ Ay € Ds. In order to see this, note that, for every B € d(Z),
(AoNB)\(A1NB)=(A2NB)N(A{UB®) = AN (BN (A{UB)) = AN (A{NB)=(A2\ A1) N B.

Since (A1 NB) € d(Z) and (A2 N B) € d(Z) and (A1 NB) C (A2 N B), we know that (A2NB)\ (41N B) € d(T).
Therefore, As \ A1 € d(Z) and (A2 \ A1) N B € d(Z) for every B € d(Z), so that As \ A; € Ds.

e For any sequence (4, € Dy | n € N), if A, C A,41 for every n € N, then U, A4,, € Dy. In order to see
this, note that, for every n € N and B € d(Z), we have A, N B € d(Z) and A, "B C A,,+1 N B. Since
Un(4, N B) = (U, A,) N B, we know that U, A,, € d(Z) and (U, Ay,) N B € d(T) for every B € d(Z), so that
UnAn € Ds.

Because Z C Dy, we know that d(Z) C D,. By definition, we know that Dy C d(Z), so that Dy = d(Z). Therefore,
for every A € d(Z) and B € d(Z), we have AN B € d(Z), which shows that d(Z) is a m-system on S. O

Proposition 1.5. If 7 is a m-system on S and D is a d-system on S such that Z C D, then o(Z) C D.
Proof. Since d(Z) C D, this is a direct consequence of the previous lemma. O

Proposition 1.6. Let ¥ = o(Z) be the o-algebra generated by a m-system Z. If uy and uy are measures on the
measurable space (S, %) such that u1(S) = p2(S) < oo and uy(I) = pe(I) for any I € Z, then pi(F) = ua(F) for
any F' € 3. Therefore, if two probability measures agree on a 7-system, then they agree on the o-algebra generated
by that m-system.

Theorem 1.1 (Carathéodory’s extension theorem). If ¥y is an algebra on S and ¥ = o(Xp) is the o-algebra
generated by ¥p and pg : Xo — [0,00] is a countably additive function, then there exists a measure p on the
measurable space (S, X) such that p(F) = po(F) for any F € Xg. If 1up(S) < oo, then p is unique, since an algebra
is a m-system.

Definition 1.17. Let Xy be the algebra on the set S = (0,1] that contains every F' such that

wherer e Nand 0<a; <0 <...<a, <b. < 1.



Let pg : o — [0, 1] denote the countably additive function given by

T

po(F) = (b — ax).

k=1

Let B((0,1]) = 0(Z¢) be the o-algebra generated by 3. The unique measure p : B((0,1]) — [0,1] on the
measurable space ((0, 1], B((0,1])) that agrees with 1o on the algebra Xy is called the Lebesgue measure Leb on
((0,1],B((0,1])). The o-finite Lebesgue measure Leb on the measurable space (R, B(R)) is similarly defined.

Intuitively, a Lebesgue measure Leb assigns lenghts.

Definition 1.18. Let a,, 1 a denote that a sequence of real numbers (a, | n € N) is such that a, < a,+; and
a = lim,, o0 ay,. Similarly, let a,, | a denote that a sequence of real numbers (a,, | n € N) is such that a,+1 < a,
and a = lim,,_soo Qp,-

Definition 1.19. Let A,, 1 A denote that a sequence of sets (A, | n € N) is such that A,, C A,,41 and A = U, enA,.
Similarly, let A,, | A denote that a sequence of sets (4,, | n € N) is such that 4,11 C A, and A = NyenAn.

Proposition 1.7 (Monotone-convergence property of measure). Consider the measure space (5,%, ). For a
sequence (F,, € ¥ | n € N), if F,, T F, then p(F,) T u(F). Similarly, for a sequence (G, € ¥ | n € N), if G, | G
and p(Gy) < oo for some k, then u(G,) | p(G).

2 Events

Definition 2.1. Consider a probability triple (2, F,P). An element w € Q is called an outcome. The set  is
called an outcome space. A set of outcomes F' € F is called an event. The probability measure P : F — [0,1] is
defined on a o-algebra F on the outcome space 2.

A probability P(F") assigns a degree of belief to the statement that the outcome w € 2 of an experiment belongs
to the event F' € F. For instance, a probability P(F') = 1 indicates that w € F' almost surely, while a probability
P(F) = 0 indicates that w ¢ F almost surely. In general, a statement about an outcome is said to be true almost
surely if P(F) = 1, where F' € F is the event that contains every outcome w € ) for which the statement is true.

Example 2.1. Consider an experiment where a coin is tossed twice. Let H = 0 represent heads and 7' = 1
represent tails. The outcome space Q may be defined as Q = {(H, H), (H,T), (T, H),(T,T)}. The o-algebra F on
the outcome space © may be defined as the set of all subsets of , which is denoted by F = P(£2). The event F
where at least one head is observed is then given by F' = {(H,H), (H,T), (T, H)}.

Example 2.2. Consider an experiment where a coin is tossed infinitely often. The outcome space {2 may be
defined as the set of infinite binary sequences 2 = {H,T}". In order to at least assign probabilities to every event
F={weQ|w, =W} where n € Nand W € {H,T}, the o-algebra F on the outcome space 2 may be generated
asF=c({{weQ|w, =W} |neNWe{HT}}.

Proposition 2.1. Consider a sequence of events (F, € F | n € N). If P(F,) = 1 for every n € N, then
P(H’I’LENFR) == 1.

Definition 2.2. The infimum inf,, x,, of a sequence of real numbers (z,, € R | n € N) is the largest r € [—o0, o0]
such that r < z,, for every n € N. The supremum sup,, x,, of a sequence of real numbers (z, € R | n € N) is the
smallest r € [—00, 0] such that r > x,, for every n € N.

Definition 2.3. The limit inferior of a sequence of real numbers (z, € R | n € N) is defined by

liminf x,, = sup inf z, = lim inf x,.
n—00 m n>m m—0oo n>m

Note that the sequence (inf, >, z,, | m € N) is non-decreasing. Let z € [—00,00]. If 2z < liminf, o x5, then
z < x,, for all sufficiently large n € N. If z > liminf, _, x,, then z > z,, for infinitely many n € N.

Definition 2.4. The limit superior of a sequence of real numbers (z, € R | n € N) is defined by

limsup x,, = inf sup z,, = lim sup x,.
n—00 m n>m m—=00 p>m



Note that the sequence (sup,,>,, Z» | m € N) is non-increasing. Let z € [~00,00]. If 2 > limsup,, ., Z, then
z > xy, for all sufficiently large n € N. If z < limsup,,_, . n, then z < z,, for infinitely many n € N.

Proposition 2.2. For any sequence (z,, € R | n € N), the limit inferior and the limit superior are related by

—liminfz, = lim — inf 2z, = lim sup —x, = limsup —z,,.
n—00 m—o0 n>m M—00 > n—00

Definition 2.5. A sequence of real numbers (x, € R | n € N) is said to converge in [—o0, o] if and only if

liminf z,, = limsupz, = lim z,.
n—oo n—oo n—oo

Definition 2.6. The limit inferior of a sequence of sets (E,, | n € N) is defined by
lim inf E, = U ﬂ E,.
meNn>m

Let F,,, = ﬂn>m FE,. Note that F,,, C F,,+1. Furthermore, w € liminf,,_,. F, if and only if w € E,, for all
sufficiently large n € N.

Definition 2.7. The limit superior of a sequence of sets (E,, | n € N) is defined by

limsup F,, = m U E,.

n—roo meNn>m

Let F, = U,>,, En- Note that F,, O F,, ;. Furthermore, w € limsup,_, . F, if and only if w € E, for
infinitely many n € N.

Proposition 2.3. For any sequence of sets (E,, C Q | n € N), the limit inferior and the limit superior are related
by

C
(lim inf En) = lim sup ES

n—00 n—00

Definition 2.8. Consider a measurable space (€2, F). The indicator function Ir : @ — {0,1} of an event F € F is
defined by

1, ifweF
]I — b) )
F () {0, ifwe F.

Proposition 2.4. For any outcome w €  and sequence of events (E,, € F | n € N),

Liim int,, o B, (W) = liminfIg, (w),
n—oo

Dim SUD,, 00 En (w) = lim sup HEn (w)
n— oo

Lemma 2.1 (Reverse Fatou Lemma). For a probability triple (2, F,P) and a sequence (E, € F | n € N),

n—oo n—oo

P <1im sup En) > limsup P(E,,).

Proof. Let Fy, = ,,>,, En such that F,, O F,, 1. By definition, F,,, | limsup,_, ., £, which implies P(F,) |
P (limsup,,_, ., En). Because A C (BU A) implies P(A) < P(BU A) for any events A, B € F,

P(Fpn)=P( | En| > sup P(Ey).

n>m nzm

By taking the limit of both sides of the equation above when m — oo,

lim P(F,,)="P (hm sup En> > lim sup P(E,) = limsupP(E,).
m—co n—00

M—=0 p>m n—00



Lemma 2.2 (Fatou Lemma for sets). For a probability triple (€2, F,P) and a sequence (E, € F | n € N),

P (lim inf En) < lim inf P(E,,).

n—oo n— oo

Proof. Let F,, = (>, En such that F,, C F,,;,. By definition, F;,, 1 liminf, . F,, which implies P(F,,) 1
P(liminf,,, E,). Because (AN B) C B implies P(AN B) < P(B) for any events A, B € F,

P(F,,) =P O E,| < nlgfnP(En).
n>m

By taking the limit of both sides of the equation above when m — oo,

lim P(F),) :IF’(liminfEn) < lim inf P(E,) = liminf P(E,).

m— oo n— 00 m—0oo n>m n— 00

O

Lemma 2.3 (First Borel-Cantelli Lemma). For a probability triple (€2, F,P) and a sequence of events (E,, € F |
n € N) such that Y7 P(E,) < oo,

P <lim sup En> =0.

n—oo

Proof. Let Fy, = ,,>,, En such that F,, O F,, ;. By definition, F,,, | limsup,,_, ., E,, which implies P(F,,) |
P (limsup,,_, . F»). Because P(AU B) < P(A) + P(B) for any events A, B € F,

P(Fm) =P U E,| < Z P(En)

n>m n>m

By taking the limit of both sides of the equation above when m — oo,

. ol - _
lim P(F,) =P (hfis;ip En) < lim ; P(E,) =0,

where the last equality comes from the fact that, for any € > 0, there is an N € N such that, for all m —1 > N,

m—1

Z ]P)(En) - Z P(En) =

n=0

€ >

3 Random variables

Definition 3.1. Consider a measurable space (S,%) and a function h : S — R. The function h=! is defined as
h™1(A) = {s € S| h(s) € A}

for any A C R. The function h is called ¥-measurable if h=1(A) € ¥ for every A € B(R). In an extended definition,
a function h : S — [—00, 00] is called ¥-measurable if h=1(A) € ¥ for every A € B([—o0, ]).

Definition 3.2. A B(R)-measurable function & : R — R is said to be Borel.

Definition 3.3. The set of ¥-measurable functions on S is denoted by m3.. The set of non-negative 2-measurable
functions on S is denoted by (mX)*. The set of bounded -measurable functions on S is denoted by bX.

Proposition 3.1. Consider a function h : S — R. For any set A C R,

h=1(A%) = {s € S | h(s) € A°} = {s € S | h(s) € A}° = (h~1(A))".



Proposition 3.2. Consider a function h : S — R. For any sequence of sets (4,, CR | n € N),

ht (U An> ={seS|h(s)e | J A} =J{seS|h(s) e A} =] ' (An).

neN neN neN neN

Similarly,

h—1<ﬂ An> ={seS|h(s)e [ A} =[N{s€S|h(s)e A} = [ h " (4n).

neN neN neN neN

Proposition 3.3. Consider a measurable space (5,%) and a function h : S — R. The set £ = {B € B(R) |
h=1(B) € ¥} is a o-algebra on R.

Proof. First, note that h™'(R) = {s € S | h(s) € R} = S and S € X. Therefore, R € £. Consider an element
B € £. In that case, h~}(B) € X, which implies (h~1(B))¢ = h=1(B¢) € 3. Therefore, B¢ € £. Finally, consider a
sequence (B, € £ | n € N). In that case, h~1(B,,) € X for every n € N, which implies U,h~!(B,,) € . Therefore,
h=1(U,B,) € ¥ and U,B,, € €. O

Proposition 3.4. Consider a measurable space (5,X), a function h : S — R, and a set C of subsets of R. If
o(C) = B(R) and h=1(C) € ¥ for every C € C, then h is Y-measurable.

Proof. Note that the set £ = {B € B(R) | h~1(B) € ¥} is a o-algebra on R. Because C C &, £ C B(R), and
B(R) is the smallest o-algebra that includes C, we know that & = B(R), which implies that h=!(B) € ¥ for every
B € B(R). O

c
b

Proposition 3.5. If a function h : R — R is continuous, then it is Borel.

Proof. First, consider the measurable space (R, B(R)) and let C be the set of open sets of real numbers. Recall that
B(R) = o(C). Second, recall that a function h is continuous if h=1(A) € C is an open set for every open set A € C.
Using the previous result, h~!(B) € B(R) for every B € B(R). O

Proposition 3.6. Consider a measurable space (5, %) and a function h : S — R. For any ¢ € R, define
{h<c}=h"Y(-o0,c]) ={s €S |h(s) <c}.
If {h < c} € X for every c € R, then h is E-measurable.

Proof. First, let C = {(—o0,z] | = € R} be the set that contains every interval that contains every real number
smaller or equal to every real number z € R. Recall that B(R) = o(C). By assumption, h=1(C) € ¥ for every
C €, and so h™! is Y-measurable. O

Note that analogous results apply for {h > ¢}, {h < ¢}, and {h > c}.

Proposition 3.7. Consider a measurable space (5,%). Let h : S — R,h; : S = R, and hy : S — R be X-
measurable functions and let A € R be a constant. In that case, hy; + ho is a X-measurable function, hihs is a
Y-measurable function, and Ah is a Y-measurable function.

Proof. We will only show the first of these statements. Based on the previous result, if {h; + hy > c} ={s € S|
hi(s) + ha(s) > ¢} € X for every ¢ € R, then hy + hy is Y-measurable. Recall that hqi(s) + ha(s) > c if and only if
there is a rational ¢ € Q such that hi(s) > ¢ > ¢ — ha(s). Therefore,

{h1+h2>ct={s€S|hi(s)>qand ¢ >c— has) for some g € Q} = U{s€S|h1(3)>qandq>c—h2(s)},
qeQ

which is a countable union of elements of 3 given by

{h1+hg >c} = U{s€S|h1(s)>q}ﬂ{s€S\q>c—h2(s)}: U{h1>q}ﬂ{h2>c—q}.
qeQ qeQ



Proposition 3.8. Consider a measurable space (5,%) and a -measurable function h : S — R. Consider also the
measurable space (R, B(R)) and a B(R)-measurable function f : R — R. For all s € S, let (foh)(s) = f(h(s)). For
any A C R,

(foh)TH(A) ={s € S| (foh)(s) € A} = {s € S| f(h(s)) € A}.
Note that f~!(A) C R for any A C R, since f~1(A) = {r e R| f(r) € A}. Therefore,
(o fTH(A) =h"H(fH(A) ={s € S|h(s) € [TH(A)} ={s €S| f(h(s)) € A} = (f o )" 1(A),

where we used the fact that f(h(s)) € A if and only if h(s) € f~1(A), for all s € S and A C R. Furthermore, since
f71(A) € B(R) for any A € B(R) and h™'(f~1(A)) € X for any f~(A) € B(R), the function foh is X-measurable.

Definition 3.4. Consider the measurable spaces (S1,%1) and (S2,X5). A function h : S; — Ss is called X /Yo
measurable if h71(A) € X, for every A € Xy, Therefore, a function on a measurable space (S, ) is Y-measurable
if it is ¥/B(R)-measurable.

Proposition 3.9. Consider the measurable spaces (S1,%1) and (S3, X3) and a 7-system Z on Sy such that o(Z) =
Yo. If b : S; — Sy is a function such that h=1(A) € ¥, for every A € Z, then h is 31 /Xp-measurable.

Proof. Note that the set £ = {4 € ¥5 | h"1(A) € £;} is a o-algebra on Sy:
e Sy €&, since Sy € ¥y and h™1(Sy) = 51 and S; € X.

o If A € &, then A° € £. In order to see this, note that A € ¥ and h=1(A4) € X;. Because A € ¥ and
h=1(A°) = h=1(A)¢ and h=1(A)° € X1, we know that h~1(A°) € ¥;.

=

o If (4, € £ | n € N) is a sequence, then U,A, € £ In order to see this, note that U,A4, € 3o and

“1(U,A,) = U,h71(A,). Because h=1(4,) € ¥ for every n € N, we know that h=1 (U, 4,) € X1.

>

Because Z C £ and o(Z) = Yo, we know that ¥ C £. Because £ C Yo, we know that &€ = ¥y. Therefore,
h=1(A) € ¥, for every A € X, so that h is X1 /Ys-measurable. O

Definition 3.5. Consider the measurable spaces (S1,%1) and (S2,X5) and a function h : S; — Sy. The o-algebra
o(h) on S; generated by h is given by o(h) = {h"1(A) | A € La}.

Proposition 3.10. Consider the measurable spaces (S1,%1) and (Sg,¥2). Suppose that the function hy : S; — S
has the inverse hy : So — S1. If o(h1) = X1, then o(hg) = Xs.

Proof. Consider the function (hy o hy) : Sy — Sy given by (hy o ha)(s2) = hi1(ha(s2)) = sa. For every As € Yo,
note that (hy o ha) ™' (Ag) = hy (R 1 (As)) = Ay, Let £ = {A; € 81 | hy '(A;) € B3}, Since hy'(Az) € & for every
As € 3o, note that o(hy) = X1 C &, so that £ =% and o(hs) = {hgl(Al) | Ay € 1} C 3o, For every Ay € 3o,
let A; = hy'(Ag), so that A; € ¥. Since Ay = h;l(Al), note that Ay € o(hg). Therefore, 5 C o(hs). O

Proposition 3.11. Consider the measure space (S1, X1, ¢11) and the measurable space (Sa,32). If h: S; — Ss is
¥1/¥2-measurable, then the function pg : Xo — [0, 00] given by p2(A) = p1(h~1(A)) is a measure on (Sa, ).

Proof. Note that ia(0) = i (h=(0)) = i (8) = 0 and pa(83) = pon (b~ (S2)) = pia(50).
For any sequence (A, € X5 | n € N) such that A, N A, =0 for n # m,

o (U An> = m (hl (U A)) =m (U ot (An>> = ?u (h™' (4n)) = Lnjuz (An),

where we used the fact that h=1(A,) Nh™1(A,) = 7Y (A, N Ap) = h1(0) = 0 for n # m. O
Consider a measurable space (S, %) and a sequence of ¥/B([—o0, o0])-measurable functions (h, | n € N).

Definition 3.6. For any s € S, the function inf, h, : S — [—00, 00| is given by

(i{llf hn) (s) = i%f hin(8).

Proposition 3.12. The function inf,, h, is ¥/B([—o00, 0o])-measurable.



Proof. Note that if {inf,, h, > c} € ¥ for every ¢ € R, then inf, h,, is ¥/B([—00, oc])-measurable. For every ¢ € R,
{i%fhn >ct={se S| igllfhn(s) >ct={se€ S| hy(s)>cforall n e N},
where we used the fact that inf,, h,(s) > ¢ if and only if h,(s) > ¢ for all n € N, for all s € S and ¢ € R. Therefore,
{ir}thn >c} = ﬂ{565’|hn(s) >ct = ﬂ{hn > c},
neN neN

which is a countable intersection of elements of X. O

Definition 3.7. For any s € S, the function sup,, h,, : S — [—00, 0] is given by

(Slip hn> (5) = sup hun (5).

Proposition 3.13. The function sup,, h,, is X/B([—00, 00])-measurable.
Proof. Note that if {sup,, h,, < ¢} € X for every ¢ € R, then sup,, hy, is 3/B([—o0, oc])-measurable. For every ¢ € R,
{suph, <c} ={se€ S|suphyp(s) <c}={s €S| h,(s) <cforall n e N},

where we used the fact that sup,, h,(s) < cif and only if h,(s) < ¢ for all n € N, for all s € S and ¢ € R. Therefore,
{suphy <c} = (V{5 €S| hn(s) <c} = [ {hn <},
" neN neN

which is a countable intersection of elements of X. O

Definition 3.8. For any s € S, the function liminf, o hy, 1 S — [—00, 0] is given by
(l}’ggf hn) (s) = hnn_1>1or<1>f hin(8).

Proposition 3.14. The function liminf,, . Ay is ©/B([—0o0, 0o])-measurable.

Proof. Each function in the sequence (L,, = inf,>, h, | n € N) is ¥/B([—00, o0])-measurable, which implies that
sup,, Ly, is ¥/B([—00, oo])-measurable. Also,

n— oo n—roo n r=n n

(hm inf hn) (s) = liminf h,(s) = sup ir>1f hr(s) = sup (iI>1f h,«> (s) =sup Ly(s) = <sup Ln> (s).

Definition 3.9. For any s € S, the function limsup,,_,. h, : S — [—00, o0] is given by

<lim sup hn> (s) = limsup hy,(s).

n—oo n— oo
Proposition 3.15. The function limsup,,_, . b, is X/B([—00, oo])-measurable.

Proof. Each function in the sequence (L,, = sup,, h, | n € N) is ¥/B([—00, co])-measurable, which implies that
inf,, L,, is ¥/B([—o00, oo])-measurable. Also,

<lim sup hn> (5) = limsup by (s) = inf sup . (s) = inf <Sup hr) (5) = inf Ly (s) = (i%f Ln) (5).

n—oo n— o0 nor>n r>mn

Proposition 3.16. Consider the set F' = {s € S| lim;,,o0 hy(s) exists in R}. Recall that lim, o hp(s) exists in R
if and only if
—oo < liminf hy(s) = limsup hy(s) < co.

n—0o0 n—00

Therefore, F' € %, since F' is an intersection of elements of 3:

n—oo

F={seS| lirginfhn(s) > —oo}tN{s €S |limsuph,(s) <oco}nN{ses| (hmsup hy — liniinfhn> (s) = 0}.
n o0 n—oo n (o]



Definition 3.10. Consider a measurable space (€2, F). An F-measurable function X : Q@ — R is a random variable.
By definition, for any B € B(R), X~ 1(B) € F.

Proposition 3.17. The indicator function I : @ — {0,1} of any event F' € F is a random variable.

Proof. The function I is defined by

1, ifweF
]I — b) b
F ) {0, ifwé¢ F.

Recall that if {w € Q| Ip(w) < ¢} € F for every ¢ € R, then Iy is F-measurable. For every ¢ < 1, we have
{weQ|lp(w)<c}={weQ|wé¢F}=Fc Forevery c > 1, we have {w € Q | Ip(w) < c} = . O

Example 3.1. Once again consider an experiment where a coin is tossed infinitely often. Let H = 0 represent
heads and T = 1 represent tails. The outcome space {2 may be defined as the set of infinite binary sequences
Q= {HTW . Let Fow ={w € Q| w, = W} be the set of infinite binary sequences whose n-th element is W.
The o-algebra F on the outcome space Q may be generated as F = o({F,.w |n € N*,W € {H,T}}). Note that
IF, . is a random variable, since F;, yv € F. Therefore, for any n € N*, the function A,y given by

ATLW < _1ZHF1W> = %ZHE‘,W(‘*))
i=1

is also a random variable. For a given sequence w € Q, A, w (w) is the fraction of the first n tosses resulting in W.
For a given p € [0, 1], consider the set Ay = {w € Q | lim,,— 00 A, w(w) = p}. Clearly,

Aw ={w e Q| lirr_1>inf Apw(w) =p}N{w e Q| limsup 4, w(w) = p},

n—oo
which can be rewritten as
1 -1
Aw = (lim inf Amw) {p}) N (hm sup An,W) {p}).
n—00 n—oo

Note that Ay, € F, since both the limit inferior and the limit superior of the sequence of F-measurable functions
(Apw | n € NT) are F-measurable functions. Therefore, a probability triple (2, F,P) would define the probability
P(Aw) that the fraction of tosses with result W tends to a given p € [0, 1].

Definition 3.11. Consider a function X : Q — R. The o-algebra o(X) on ( is defined as o(X) = o({X~1(B) |
B e B(R)}).

Note that if X is a random variable on a measurable space (2, F), then o(X) C F.

Definition 3.12. Consider a set of functions {Y, | v € C} where Y, : Q@ — R. The o-algebra o({Y, | v € C}) is
defined by

o({Yy |y eC}) =o({Y;1(B) |y €C. B € BR)}).
Note that if Y., : 2 — R is a random variable on a measurable space (€2, F) for every v, then c({Y, | v € C}) C F.

Proposition 3.18. Consider a measurable space ({2, F) and a random variable Y : Q@ — R. For a set & of subsets
of R, let Y~1(&) = {Y~YE) | E € &}. By definition, o(Y) = (Y "1 (B(R))). In that case, o(Y) = (R)).

(B
}. Because R € B(R), YY(R) € Y~(B(R)), where
, Y™YB¢) € Y7L1(B(R)), where

Proof. By definition, Y~1(B(R)) = {Y~"Y(B) | B € B(R)
Y_l(R) = Q. Consider an element Y 1(B) € Y ! (B(R)) Because B¢ e BR), Y

YB ) (Y~1(B))c. Finally, consider a sequence ( YB,) € YY(BR )) | n € N). Because U,B,, € B(R),
“Y(UnB,) € Y7YHB(R)), where Y YU, B,) = U, Y ~1(B,). Therefore Y~1(B(R)) is a o-algebra on Q. Because
U(Y) is the smallest o-algebra on Q) that includes Y ~1(B(R)), we know that o(Y) = Y ~1(B(R)). O

Proposition 3.19. Additionally, consider the m-system 7(R) = {(—o00, 2] | z € R} and let 7(Y) = Y ~!(7(R)). In
that case, o(Y) = o(n(Y)).
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Proof. By definition, o(7(Y)) = c({Y "1((—=00,2]) | (—o0,2] € ©(R)}). Clearly, 7(R) C B(R) implies o(m(Y))
o(Y), since o(Y) = c({Y"Y(B) | B € B(R)}). Because {Y < z} € o(n(Y)) for every x € R, Y is o(n(Y))-
measurable. Therefore, o(Y) C o(7(Y)). O

N

Proposition 3.20. If Y : Q@ — R, then Z : 2 — R is a (Y )-measurable function if and only if there is a Borel
function f: R — R such that Z = foY.

Proposition 3.21. If Y1,Y5,...,Y,, are functions from  to R, then a function Z : @ — R is o({Y7,Ya,...,Y,})-
measurable if and only if there is a Borel function f : R” — R such that Z(w) = f(Y1(w),Y2(w),...,Y,(w)) for
every w € ().

Definition 3.13. Consider a probability triple (2, F7,P) and a random variable X : Q@ — R. For any B € B(R),
X"YB) €o(X), 0(X)CF,and P(X1(B)) € [0,1]. For any B € B(R), this allows defining the law Lx : B(R) —
[0,1] of X as

Proposition 3.22. The law Lx is a probability measure on the measurable space (R, B(R)).

Proof. First, note that

Lx(R)=P(X'(R) =P{w € Q| X(w) eR}) =P(Q) =1,
Lx(®) =P(X ') =P({weQ|X(w)eh}) =P®) =0.

Second, consider a sequence of sets (B,, € B(R) | n € N) such that B, N B,, = 0 for n # m and note that
Lx (U Bn> =P (Xl (U Bn>> =P (U Xl(Bn)> =Y P(XY(Bn) =Y Lx(Bn),
neN neN neN neN neN
where we used the fact that X 1(B,) N X~ Y(B,,) = X Y(B, N B,,) = X Y(0) = 0 for n # m. O
Definition 3.14. The (cumulative) distribution function Fx : R — [0, 1] of the random variable X is defined by
Fx(c) = Lx((~00,¢]) = P(X ! ((—00,d])) = P({w € Q| X(w) < c}) =P({X < c}).

Proposition 3.23. Recall that the o-algebra generated by m(R) = {(—o0, 2] | * € R} is o(w(R)) = B(R). Consider
a probability measure p on the measurable space (R, B(R)) such that p((—oo,c]) = Fx(c) = Lx((—o0, c]) for every

¢ € R. Because p and Lx agree on the m-system 7(R), we have y = Lx. Therefore, F'x fully determines the law
L:X of X.

Consider a random variable X :  — R carried by a probability triple (©2, F,P) and the distribution function
Fx :R— [0, 1]

Proposition 3.24. If a < b, then Fx(a) < Fx(b).
Proof. Clearly, {X < a} C {X < b}, which implies P({X < a}) <P{X < b}). O
Proposition 3.25. lim,_, -, Fx(z) = 0.

Proof. Recall that f : R — R is a function such that lim, , o f(z) = L for some L € R if and only if
lim,,—, 0 f(zn) = L for all non-increasing sequences (x,, € R | n € N) such that lim, . 2, = —0c0.

Consider a non-increasing sequence (z, € R | n € N) such that lim, . z, = —o0 and the sequence of sets
(Ap, = (=00, 2] | n € N). Because A, | 0, Lx(A,) | 0. Therefore, lim,,_, oo Lx ((—00, z,]) = 0, which implies

lim Fx(x)= lim Lx((—o0,z])=0.

T——00 T—r—00

Proposition 3.26. lim,_,. Fx(z) = 1.
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Proof. Recall that f : R — R is a function such that lim,_, ., f(z) = L for some L € R if and only if lim,, o f(z,) =
L for all non-decreasing sequences (x,, € R | n € N) such that lim,,_, o z,, = +00.

Consider a non-decreasing sequence (z, € R | n € N) such that lim,_, . z, = +0o and the sequence of sets
(A, = (=00, z,] | n € N). Because A,, TR, Lx(A,) 1 1. Therefore, lim, oo Lx((—00,2z,]) = 1, which implies

lim Fx(z) = lim Lx((—o0,x]) =1.

T—00 Tr—r00

Proposition 3.27. The function F'x is right-continuous.

Proof. Recall that f : R — R is right continuous if and only if lim, . f(z,) = f(z) for every z € R and every
non-increasing sequence (z, € R | n € N) such that lim,_, x, = z and x,, > x for every n € N.

Consider € R and a non-increasing sequence (x, € R | n € N) such that lim,, o z, = = and =, > x for
every n € N. Consider also the sequence of sets (A,, = (—oo,z,] | n € N). Because A,, | (—oo,z], Lx((—o0,z,]) |
Lx((—00,x]). Therefore, lim, o Lx((—00,z,]) = Lx ((—00,x]), which implies

lim Fx(xz,) = lim Lx((—o0,x,]) = Lx((—o0,z]) = Fx ().

n—oo n—oo

O

Proposition 3.28. Consider a right-continuous function F' : R — [0, 1] such that if a < b, then F(a) < F(b);
lim, o F(z) = 0; and lim,_, o F(z) = 1. There is a unique probability measure £ on the measurable space
(R, B(R)) such that £((—o0,z]) = F(x) for every z € R.

Proof. Consider the probability triple ((0,1),B((0,1)),Leb) and a function X~ : (0,1) — R given by
X (w)=inf{z eR| F(z) > w}.

In words, X~ (w) is the infimum z € R such that F'(z) reaches w € (0,1).

First, note that w < F(c) if and only if X~ (w) < ¢ for every ¢ € R. Clearly, if w < F(c), then X~ (w) < c.
Now suppose X~ (w) < ¢. Because F is non-decreasing, F'(X ~(w)) < F(c). Because F is also right-continuous,
F(X~(w)) > w. Therefore, w < F(c). This also implies that X~ is a random variable since, for every ¢ € R,

(X~ <ch={we (1) X (@) <} = {we (0,1) |w < Fe)} = (0, F)).
For every ¢ € R, the distribution function Fx- on the probability triple ((0,1),B((0,1)), Leb) is given by
Fx-(c) = Lx-((—o00,c]) =Leb({X~ < ¢}) = Leb((0, F(c)]) = F(c).

Finally, recall that the distribution function F'x - fully determines the law £y - of X ~, which is the desired unique
probability measure on the measurable space (R, B(R)) such that £y-((—oo,z]) = F(z) for every x € R. O

Theorem 3.1 (Monotone-class theorem). If
e 7{ is a set of bounded functions from a set S into R,
e H is a vector space over R,
e The constant function 1 is an element of H,

o If (f, € H | n € N) is a sequence of non-negative functions in H such that f,, 1+ f, where f is a bounded
function on S, then f € H,

e 7{ contains the indicator function of every set in some 7-system Z,

then M contains every bounded o (Z)-measurable function on S.
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4 Independence
Consider a probability triple (2, F,P).

Definition 4.1. The sub-o-algebras G, G, ... of F are called independent if, for every choice of distinct indices
i1,149,...,1, and events G;,, G,,, ..., G;, such that G;, € G;, for every i,

P (ﬂ Gk> =[] P(Gi,).
k=1 k=1
Definition 4.2. The random variables X, Xo,... are called independent if the o-algebras o(X1),0(X3),... are

independent.

Definition 4.3. The events Fi, Es, ... are called independent if the o-algebras &1, &,, ... are independent, where
& =10, Ey, E,Q}.

Proposition 4.1. The events E1, Es, ... are called independent if and only if the random variables Ig,,Ig,,... are
independent.

Proof. We have already shown that each indicator function Iy, is £-measurable. Since ]I;Ji({l}) = Ej, we know

that Ey € o(Ig, ), which implies & = o(Ig,). O
Proposition 4.2. The events FEi, Fs,... are independent if and only if, for every choice of distinct indices
i17i27---77;n7

() - [T
k=1 k=1

Proposition 4.3. If X3, X5, ... are independent random variables, then the events {X; < 1}, {X2 < x2},... are
independent for every z1, s, ... € R, since X, 1((—o00,z,]) € 0(X,,) for every n € NT.

Proposition 4.4. Suppose that G and H are sub-o-algebras of F. Furthermore, let Z and J be m-systems such
that 0(Z) = G and o(J) = H. f P(INJ) = P(I)P(J) for every I € T and J € J, we say that Z and J are
independent. The sub-g-algebras G and H are independent if and only if Z and J are independent.

Proof. Suppose that G and #H are independent. In that case, P(GN H) = P(G)P(H) for every G € G and H € H.
Since Z C G and J C H, Z and J are independent.

Suppose that Z and J are independent. For every I € 7 and H € H, let u;(H) = P(I N H) and n;(H) =
P(I)P(H). Clearly, u;(0) = 0 = nr(0). Also, ur(Q) = P(I) = n;(Q). Finally, if (H, € H | n € N) is a sequence of
events such that H, N H,, = () for n # m,

L <LnJHn> =P <m (LnJHn>> =P (U(mﬂn)> = ;IP’(IQH”) = ;M(Hn),

” (U H) — B(I)P (U H> = B(D) Y B(H,) = Y BDP(H,) = 3 ni(H,).

Considered together, these results imply that u; and 7; are finite measures on (2, H). By assumption, pr(J) =
PINJ) = P(DP(J) = ni(J) for every I € 7 and J € J. Therefore, u; and n; agree on the m-system J,
which implies that they agree on the o-algebra o(J) = H. In other words, for every I € Z and H € H, we have
P(I'0 H) = pur(H) = ny(H) = P(I)P(H).

For every H € H and G € G, let p/y(G) = P(H N G) and 0, (G) = P(H)P(G). Analogously, p/; and nj are
finite measures on (€2,G). From our previous result, for every I € Z and H € H, we have P(I N H) = py(I) =
Ny (I) = P(I)P(H). Therefore, p/y and 0}, agree on the m-system Z, which implies that they agree on the o-algebra
o(Z) = G. In other words, for every G € G and H € H, we have P(GN H) = 4 (G) =y (G) = P(G)P(H).

O

Proposition 4.5. Consider the random variables X and Y on the probability triple (Q, F,P). For every A € B(R)

and B € B(R) such that P(Y~1(B)) > 0, let B((X~1(A) | Y=1(B)) = P(X~1(A) N Y~1(B))/B(Y~1(B)). I X and
Y are independent, then P(X~1(A) | Y~1(B)) = P(X~1(A)), since X }(A) € 0(X) and Y 1(B) € o(Y).
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In what follows, we will employ a common abuse of notation. Consider the random variables X and Y on the
probability triple (Q, F,P). For every x € R, we will let P(X < z) denote P({X < z}). Furthermore, for every
z,y € R, we will let P(X < z,Y < y) denote P({X < 2} N{Y < y}). We will employ analogous notation when
there are more random variables and different predicates.

Proposition 4.6. Consider the random variables X and Y on the probability triple (Q2, F,P). Suppose that, for
every z,y € R, P(X <z,Y <y) =P(X < 2)P(Y <y). The random variables X and Y are independent.

Proof. Recall that 7(R) = {(—o0, 2] | * € R} and 7(X) = {X " }((—o0,]) | (—o0,2] € 7(R)} = {{X <} |z € R}.
Note that 7(X) is a m-system on Q: for any z1,z2 € R, if {X < a;} € n(X) and {X < 23} € w(X), then {X <
21} N{X <29} ={w e Q| X(w) <27 and X(w) < z2} = {w € Q| X(w) < min(x1,22)} = {X < min(z1,22)}.
By assumption, P{X <z} N{Y <y}) = P{X < z})PH{Y < y}) for any {X <z} € n(X) and {Y <y} € n(Y).
By definition, the w-systems 7(X) and 7 (Y) are independent. Therefore, o(w(X)) and o(w(Y)) are independent.

Based on a previous result, we know that o(7(X)) = ¢(X) and o(7(Y)) = o(Y). O
Proposition 4.7. In general, the random variables X7, X5,...,X,, are independent if and only if, for every
T1,T2, ..., Ty € R,

P(X: <21, Xo <wy,..., X, <) =P (ﬂ{Xk < xk}) = HP(Xk < ).
k=1 k=1

Lemma 4.1 (Second Borel-Cantelli Lemma). Consider a probability triple (2, F,P) and a sequence of independent
events (E, € F | n € N) such that >~ (P(E,) = co. In that case,

P <limsup En> =1.

n—oo

Proof. Because the events are independent, for any m,r € N such that m < r,

Pl () E|l= ][ PED= ] 0-PE.)).

m<n<r m<n<r m<n<r

Let e denote Euler’s number. For any x > 0, recall that 1 — xz < e™*. Therefore,

P m E, | < H e P(En) — o= 2mcn<, P(En),

mn<r mn<r

Because both sides of the inequation above are non-increasing with respect to r, we may take the limit of both
sides when r — oo and use the fact that > - P(E,) = co to conclude that

. c _ c < 1 *ngngrP(E"): )
e 0w =r(ne) < e :

Using the relationship between the limit superior and the limit inferior,
P( (limsuwpE,) | =P (nminfEf;‘) =P B | < B | =0.
(o) ) o (mrs) =2 (U 0 ) <32 )

O

Definition 4.4. A valid distribution function F': R — [0, 1] is a right-continuous function such that if a < b, then
F(a) < F(b); limy—s oo F(z) = 0; and lim,_, o F(x) = 1.

Proposition 4.8. For any sequence of valid distribution functions (F), | n € N), there is a sequence of independent
random variables (X,, | n € N) on the probability triple ([0,1],5([0,1]), Leb) such that F, is the distribution
function of X,,.
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Definition 4.5. Let (X,, | n € N) be a sequence of independent random variables on the probability triple (2, F, P).
If P(X,, <x)= F(z) for every n € N, x € R, and a distribution function F : R — [0,1], then the random variables
are considered independent and identically distributed.

Example 4.1. As an application of the Borel-Cantelli lemmas, consider a sequence of independent random variables
(X, | n € NT) on the probability triple (Q, F,P). Suppose that each random variable X, is exponentially distributed
with rate 1 such that P(X,, > z,) =1 —-P(X,, < z,) = e *" for every x, > 0. If x,, = alogn for some a > 0, then

1
P(Xn > alogn) — 6falogn _ (elogn)fa —
na
For some a > 0, consider the sequence of independent events ({X,, > alogn} € F | n € NT) and recall that

oo oo 1
Z]P’(Xn > alogn) = Z v < 00
n=1 n=1

if and only if a > 1. Using the Borel-Cantelli lemmas,

P (lim sup {X,, > alog n})

n—roo

1, fa<l.

)

{0, ifa>1,

Recall that w € limsup,,_,., {X, > alogn} if and only if X,,(w) > alogn for infinitely many n € N*.
In particular, if w € limsup,,_, .. {X,, > logn}, then for every m € NT there is an n > m such that X,,(w) > logn
and X, (w)/logn > 1. In that case,

. Xn (W)
= lim sup
n—00 IOg n M=00 n>m lOg n

=1,

so that w € {limsupn_)oo Xn > 1} and

logn =

X
P (limsup1 o> 1) >P (limsup {X,, > logn}) =1

n—oo 10g8M n— o0

For every k € Nt if w € {lim SUD,, s 0o lj(Tnn >1+ Zk’l}, then for every m € NT there is an n > m such that

)fgg(:) >1+2k7! and X, (w) > (1 +2k~!)logn. In that case, w € limsup,,_, . {X, > (1+ 2k~!)logn} and
. Xy . Xn 1 . 1

P { lim sup >1) =P U lim sup > 142k < g P ( limsup{X,, > (1+2k~")logn} | =0.
n—oo logmn e+ n—oo logmn RENF n—00

By combining the previous results,

Xn
P (limsup = 1) =1.
n—o00 IOng
Definition 4.6. For any set C, a set (or sequence) of random variables Y = (Y, | v € C) on a probability triple

(2, F,P) is called a stochastic process parameterized by C.

Proposition 4.9. Consider a measurable space (2, F) and a function X : Q@ — C, where C CN. If {X =c¢} € F
for every ¢ € C, then X is F-measurable.

Proof. For any B € B(R), let A= BN C and note that
X 'B)={weQ|Xw)eB}={we | X(w)eBand X(w) eC}=X"1(BNC)=X"1(A).
Furthermore, note that
XA =x"" (U{a}> = Jx'(ep) = Utx =4}
a€A a€A a€A

Because A C C, we have {X = a} € F for every a € A. Because F is a o-algebra, we have X 1(A) € F.
Therefore, for every B € B(R), we have X }(B) € F.
O
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Definition 4.7. Consider a set E C N. Let P be a stochastic matrix whose (4, j)-th element is given by p; ; > 0 and
suppose that ), pir = 1 for every i,j € E. Let u be a probability measure on the measurable space (E, P(E)),
where P(FE) is the set of all subsets of F, and let y; denote p({i}) for every i € E. A time-homogeneous Markov
chain Z = (Z, | n € N) on E with initial distribution p and 1-step transition matrix P is a stochastic process
parameterized by N such that, for every n € N* and ig,41,...,i, € E,

P(Zo =0, 21 = i1, s Zn = n) = PigDiois - - Dinr.in = Hig | | Pin—rris-

Proposition 4.10. A probability triple (2, F,P) carrying the aforementioned stochastic process Z exists.

Proof. First, for any set of valid distribution functions {F, | n € N}, recall that there is a set of independent
random variables {X,, | n € N} on a certain probability triple (2, F,P) such that F,, is the distribution function of
X,,. Using this result, for every ¢,j € E and n € N*, let Zp : @ — E and Y;,, : Q@ — E be independent random
variables on a probability triple (€2, F,P) such that P(Zy = i) = p; and P(Y; , = j) = pi ;-

For every w € Q and n € N*, let Z,(w) = Yz, ,(w)n(w). Using induction, we will show that the function
Zy 0 = FE is a random variable for every n € N. We already know that Z, is a random variable. Suppose that
Zn—1 is a random variable. We will show that {Z,, = i,,} € F for every i,, € E. By definition,

{Zn=in} ={weQ| Zy(w) =in} ={w e Q| Y, (W) =tin}= U {lwe] Z,—1(w) =i and Y; ,(w) = in},
i€E
which implies
i€E

Because Z,,—1 and Y; ,, are random variables for every i € E, {Z, = i,} € F, as we wanted to show.
Using induction, we will now show that, for every n € N and 4, ...,7, € E,

(V{2 =ix} = {Zo = io} N ﬂ{ i1k = ik
k=0 k=1
The statement above is true when n = 0, so suppose it is true for some n — 1 € N. Using a previous result,
n n—1 n—1
{2k =ir} = (ﬂ{zk ik}> N{Z, =in} = (ﬂ{zk = ik.}> N (U{Zn_1 =i} {Yi, in}> :
k=0 k=0 k=0 icE
By distributing the intersection over the union,
n n—1
m{Zk :ik}: U (n{Zk :Zk}> O{Zn,1 :i}ﬂ{Y;,n :in}.
k=0 i€E \k=0

Because {Z,,—1 = in_1} N {Zn—1 =i} = 0 whenever i # i,_1,

ﬁ{Zk =ik} = (ﬁ {2k = ik}) Yo =in} ={Zo =10} N ﬁ {Yi,_1k =ir}

k=0 k=0

where the last equation follows from the inductive hypothesis.
The event above is the intersection of events from the o-algebras of independent random variables, which implies

P(Zo =i, Z1 =ir,..., Zn = ip) = (ﬂ{Zk —%}) =P(Zo = i0) [[PViu_sk = ik) = ttig [ [ Pivric-

16



Example 4.2. Consider a time-homogeneous Markov chain Z = (Z,, | n € N) on E with initial distribution p and
1-step transition matrix P. Consider also a finite sequence of elements of E given by I = ig,i1,...1,. We say that
the sequence I appears in outcome w € ) at time ¢ if Z;;j(w) = iy, for every k < n. We will now show how several
interesting events related to the appearance of the sequence I may be defined.

The event M; composed of outcomes where the sequence I appears at time t is given by

n n
M; = ﬂ{Zt+k =g} = ﬂ{w €| Zip(w) =ix}.
k=0 k=0

The event S; composed of outcomes where the sequence I appears at least once at or after time ¢ is given by

St = U Mt/.

>t
The event L; ,,, composed of outcomes where the sequence I appears at least m times up to time ¢ is given by
m
Lim= |J M,
Iyl k=1

where [, ...,[,, is a finite sequence of distinct elements of E such that I <t for every k < m.
The event L,, composed of outcomes where I appears at least m times is given by L ,, when t = co.
The event E composed of outcomes where the sequence I appears infinitely many times is given by

FE = limsup M,;.

t—o0

5 Integration

Consider a measure space (S, %, 11). The integral with respect to p of a ¥-measurable function f : S — R is denoted

by pu(f).-

Definition 5.1. For any set A € 3, the integral with respect to p of the indicator function I4 : S — {0,1} is
defined as

n(La) = p(A).

Definition 5.2. A simple function is a X-measurable function f : S — [0, 00] that can be written as

f(s) = arla,(s)
k=1

for every s € S, for some fixed ay,as,...,a, € [0,00] and Ay, As,..., A, € X.
Intuitively, when Ay, Ao, ..., A, partition S, each set Ay is assigned a value ay.

Definition 5.3. The integral with respect to p of the simple function f : .S — [0, 00| as written above is defined as

p(f) =D arp(Ar).
k=1

It is possible to show that the right side of the equation above is equivalent for every choice of sets and constants
used to write the simple function f. Therefore, the integral u(f) with respect to u of a simple function f is well-
defined. Intuitively, when Ay, As, ..., A,, partition S, the integral with respect to u accumulates the measure p(Ayg)
of each set Ay multiplied by the value aj, assigned to it.

Proposition 5.1. If f: S — [0,00] and g : S — [0, 00] are simple functions, then
e f+ g is asimple function and u(f + g) = u(f) + u(g),

e if ¢ > 0, then cf is a simple function and p(cf) = cu(f),
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o if u(f #9)=np{s eS| f(s)#g(s)}) =0, then u(f) = p(g),

e if f < g such that f(s) < g(s) for every s € S, then u(f) < u(g),

e if b = min(f, g) such that h(s) = min(f(s), g(s)) for every s € S, then h is a simple function,
e if h = max(f, g) such that h(s) = max(f(s),g(s)) for every s € S, then h is a simple function.

Definition 5.4. The integral with respect to u of a X-measurable function f : S — [0, 00] is defined as

w(f) =sup{u(h) | h is simple and h < f}.
Proposition 5.2. Consider a Y-measurable function f : .S — [0,00]. If u(f) =0, then pu({f > 0}) =0.

Proof. Because the measure p is non-negative, this is equivalent to showing that if u({f > 0}) > 0, then u(f) > 0.
For every n € N*, let A, = {f >n"'} ={s €S| f(s) >n"!} and note that

{f>0}={seS|f(s)>0}= U{sES\f(s)>n71}: U A,

neNt neN+

For every s € S and n € NT_if f(s) > n~!, then f(s) > (n+1)~!. Therefore, 4, C A,.; and A, T {f > 0}.
Furthermore, the monotone-convergence property of measure guarantees that u(A4,) 1t p({f > 0}).
Suppose that u({f > 0}) > 0. In that case, there is an n € N such that

(lpon1y) = p({F > 071} = p(An) > 0.

For such an n € NT, consider now the simple function g = nil]I{f>n71} given by

n=t f(s) >n"t,

9(5) = L pon 1) (5) = {0 et

The fact that f > g implies that pu(f) > u(g) even if f is not simple. Therefore,

u(f) = p(g) = pn Upsp—y) =n" " u(lpsn-1y) >0,

where the last inequality follows from the fact that n=! > 0.
O

Definition 5.5. Let f,, T f denote that a sequence of functions (f,, : S — R | n € N) is such that f,,(s) 1 f(s) for
every s € S. Similarly, let f,, | f denote that a sequence of functions (f,, : S — R | n € N) is such that f,,(s) | f(s)
for every s € S.

Theorem 5.1 (Monotone-convergence theorem). If (f, : S — [0,00] | n € N) is a sequence of ¥-measurable
functions such that f,, T f, then u(f,) T p(f).

Before showing how the integral with respect to p of a given ¥-measurable function is the limit of a sequence of
integrals with respect to p of simple functions, it is convenient to introduce staircase functions.

Definition 5.6. Let ay, : [0,00] — [0,n] denote the n-th staircase function given by o, (z) = min(n, |2"z]/2™) for
every n € N and z € [0, 0.

Intuitively, the n-th staircase function partitions its domain into a sequence of intervals of length 1/2™. The
value assigned to the first interval is zero, and the value of each following interval is 1/2™ plus the value of the
previous interval, with values truncated at n.

Proposition 5.3. Let h : [0,00] — [0, 00] denote the identity function given by h(z) = x for every x € [0,00]. In
that case, a,, T h.

Proof. We will start by showing that min(n, [2"z]/2") = a,(z) < ayp1(r) = min(n + 1, 271z | /27H) for every
n € N and z € [0,00]. When 2 = oo, we have a,(z) = n < n+1 = apt1(z). When z < oo, the fact that
n < n+ 1 implies that we only need to show that |27z ] /2" < [2"F1z| /27T, Note that [2"x] < 2", which implies
2|2z | < 2"z, By the monotonicity of the floor function, [2|2"x]] < |2"*1z|. Because the floor of an integer is
itself an integer, 2|2"x| < [2"*'z|. Dividing both sides of the previous inequation by 2"*! completes the proof.
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In order to show that a,, T h, it remains to show that, for every = € [0, co],

nl;n;o an(z) = .

The case where z = oo is trivial, since a,(x) = n. When z < oo, note that 2”2 > |2"z| implies z > |2"x]| /2",

and so n > x implies n > |2"z|/2™. Therefore, for every sufficiently large n € N, we know that a,(z) = |2"x]/2"

when 2 < co. It remains to show that lim,_,.|2"2|/2" = z. By noting that 2"z — 1 < [2"z] < 2"z and dividing
each term by 2",

1 " —1 _|2"z] 2"z

r— — = < < —

2n 2n - 2n T 2n

= X.

Using the squeeze theorem with n — oo completes the proof that a,, 1 h.
O

Proposition 5.4. Consider a ¥-measurable function f : S — [0,00]. For every n € N, consider f, : S — [0,n]
such that

fn(s) = an(f(s)) = Z ak]l{f”:ak}(s)a
k=1

where aq,...,an, € [0,n] are the (distinct) elements of the (finite) image of f,,. In that case, u(fn) T 1(f).

Proof. Because f is ¥-measurable and a,, is B([0, oc])-measurable, we know that f, = a;, o f is X-measurable,
which implies that f,, is also simple. For every s € S, we have f(s) € [0,00] and (ay, o f)(s) T f(s). Therefore,
fn T f. From the monotone-convergence theorem, u(f,) 1 u(f)- O

In other words, the integral with respect to u of a given Y-measurable function f : S — [0, 00] is the limit of a
sequence of integrals with respect to p of simple functions (f, : S — [0,n] | n € N).

Proposition 5.5. Let f : S — [0,00] and g : S — [0,00] be ¥-measurable functions. If u({f # g}) = 0, then
u(f) = w(g)-

Proof. Recall that we already have the analogous result for simple functions. For any n € N, let f, = a, o f and
gn = Qi © g, where o, is the n-th staircase function. Note that

{fn#F g ={s€ S| fuls) #gn(s)} CS{s €S| f(s) #g(s)} ={f # g}

which implies p({fn # gn}) < u({f # g}) = 0. Because f, and g, are simple functions such that u({f, # gn}) =0,
we know that u(f,) = p(gn). From the monotone-convergence theorem, u(f,) 1 u(f) and p(g.) 1 p(g), so

p(f) = lim pu(fn) = lim p(gn) = p(g)-

n—oo
O

Proposition 5.6. Consider a Y.-measurable function f : S — [0,00] and a sequence of Y-measurable functions
(fn S — [0,00] | n € N) such that f,(s) T f(s) for every s € S\ N for some p-null set N C S. In that case,

w(fn) T 1(f)-

Proof. Consider the ¥-measurable function fIg\n such that (fIs\n)(s) = f(s)Is\n(s) for every s € S. Clearly,
{fIs\n # f} € N. Therefore, u({ fIs\n # f}) < u(N) =0 and pu(fIs\n) = p(f)-
Analogously, consider the ¥-measurable function f,,Ig\y such that (f,Is\n)(s) = frn(5)Is\n(8)
and n € N. Clearly, {f.ls\n # fn} € N. Therefore, u({fnls\n # fn}) < p(N) =0 and p(frls\n)
Note that (fnls\n)(s) T (fIs\n)(s), whether s € N or s € S\ N. Therefore, u(frls\n) T p
implies p(fn) T p(f).

for every s € S

1(fn)-
(fHS\N)7 which

O

Lemma 5.1 (Fatou lemma). For a sequence of ¥-measurable functions (f, : S — [0,00] | n € N),

p (limin £,) < liminf p(f,).

n— oo
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Proof. For any m € N, consider the function g, = inf,>,, f, such that

liminf f, = lim inf f, = lim g,,.
n—00 m—00 n> m— 00

Because gpmt1 > gm for every m € N, we have that g,, 1 liminf,, f,. Because g, : S — [0,00] is also
Y-measurable for every m € N, the monotone-convergence theorem guarantees that p(g,,) 1t p(liminf, _ fr).

For any n > m, note that g,, < f, and u(gm) < p(fn), which also implies p(gpm) < inf, >, p(fn). By taking
the limit of both sides of the previous inequation when m — oo,

p(liminf £,) = lim p(gn) < lim inf p(f,) = liminf p(f,).

n— oo m—oo n>m

Proposition 5.7. For a ¥-measurable function f : .S — [0,00] and a constant ¢ > 0, we have pu(cf) = cu(f).

Proof. Recall that we already have the analogous result for simple functions. For any n € N, let f,, = a,, o f, where
ay, is the n-th staircase function. Because f, 1 f, we know that cf,, 1 c¢f. Because cf,, is X-measurable for every
n € N, the monotone-convergence theorem guarantees that p(cf,) 1 u(cf). Because u(cfn) = cu(fn), we have

et fa) 1 plef). Because cu(fn) T cu(f), we have pu(cf) = cp(f). O

Proposition 5.8. Consider a Y-measurable function f : S — [0,00] and a Y-measurable function g : S — [0, 00].
In that case, u(f +g) = u(f) + n(9).

Proof. Recall that we already have the analogous result for simple functions. For any n € N, let f, = a,, o f and
gn = a,0g, where a, is the n-th staircase function. Because f,, 1 f and g,, T g, we know that f,+¢g, T f+g. Because
fn + gn is Z-measurable for every n € N, the monotone-convergence theorem guarantees that u(f, +gn) T u(f +9).

Because yi(fn + gn) T u(f) + p(g), we have u(f + g) = pu(f) + pu(g)-
O

Lemma 5.2 (Reverse Fatou lemma). Consider a sequence of ¥-measurable functions (f,, : S — [0,00] | n € N)
such that f,, < g for every n € N and some Y-measurable function g : S — [0, 00| such that p(g) < oo. In that case,

H (hmsup fn) > limsup M(fn)

n—oo n—oo

Proof. For every n € N, consider the function h, = g — f,,. Because ¢g and f,, are ¥-measurable and f, < g, we
know that hy, : S — [0,00] is ¥-measurable. From the Fatou lemma,

p (liminf(g — f)) < liminf (g — fo).
n—oo n—oo
By using the fact that u(g) = u(g — fn) + p(fn) and moving g and u(g) outside the corresponding limits,
,u (g + liminf —fn) < u(g) + liminf —pu(fr).
n—oo n—oo

By using the relationship between limit inferior and limit superior,

o (g — limsup fn> < p(g) — limsup p(fn)-

n—roo n—roo

By using the fact that u(g) = u(g — limsup,,_, o fn) + p(limsup,,_, o fn),

n(g) — p <lim sup fn) < u(g) — limsup pu(fn).

n—oo n—oo
The proof is completed by reorganizing terms in the inequation above. O
Definition 5.7. For a Y-measurable function f : S — R, the ¥-measurable function f* : S — [0, 0] is given by

f(s), it f(s) >0,

f7(s) = max(f(s),0) = {07 if f(s) <0.
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Definition 5.8. For a Y-measurable function f : .S — R, the ¥-measurable function f~ : .S — [0, 00] is given by
0, if f(s) >0,
—f(s), 1if f(s) <0.
Proposition 5.9. For a Y-measurable function f :S — R, whether f(s) > 0 or f(s) <0,
Fs)=f*(s) = f(s).
Furthermore, whether f(s) > 0 or f(s) <0,
[F(s)l = f7(s)+ [ (s).
In other words, f = f* — f~ and |f| = fT + f~.

Definition 5.9. A function f : S — R is p-integrable if it is Y-measurable and u(|f]) = p(f™ + f7) = u(f+) +
u(f~) < oo.

Definition 5.10. The set of all p-integrable functions in the measure space (S,Y, 1) is denoted by L£(S, %, u).
The set of all non-negative u-integrable functions in the measure space (S, 3, ) is denoted by £1(S, X, u)™.

Definition 5.11. The integral u(f) with respect to p of a p-integrable function f : S — R is defined as
p(f) = u(f*) = ().
Alternatively, the integral p(f) with respect to p of a p-integrable function f : .S — R is denoted by

/S fdu = /S F(s)ulds) = (f):

Proposition 5.10. If a function f : S — R is p-integrable, then pu(f*) < oo and u(f~) < co. By the triangle
inequality,

() = u(f ) + (u(D < O+ 1= w(F = () +u(f7) = pllfD).

Proposition 5.11. Consider a p-integrable function f : S — R. Because —f : S — R is Y-measurable and
w(| — ) = p(|f]) < oo, we know that —f is p-integrable. Furthermore, pu(—f) = —u(f).

Proof. For every s € S, (—f)"(s) = max(—f(s),0) = f~(s) and (—f)~(s) = max(f(s),0) = f(s). Therefore,
p(=F) = (=) = wl(=H)7) = =w(=)7) = w(=H))) = =(u(f") = p(f 7)) = =p(f)-
O

Proposition 5.12. Consider a p-integrable function f : S — R and a constant ¢ € R. Because cf : S — R is
Y-measurable and p(|cf]) = p(lc||f]) = |c|p(|f]) < oo, we know that cf is p-integrable. Furthermore, u(cf) = cu(f).

Proof. Because f = f* — f~, we know that ¢f = ¢f* — cf~. Furthermore, (cf) = (cf)™ — (c¢f)™. Therefore,
()T = (cf)" =cfF —cf.

By rearranging negative terms,

()T +cef~=(cf)” +ecf"

We will now consider the case where ¢ > 0. By the linearity of the integral of non-negative functions,

p((ef) ")+ pulef™) = nl(ef)™) + pulef ).

By rearranging terms,

u((ef)™) = p((ef)7) = plef*) — plef ).

Because cf is p-integrable and by the linearity of the integral of non-negative functions,
p(ef) = eul(f*) —ep(f~) = c(u(f7) = ul(f7)) = ep(f).-
When ¢ <0, note that u(cf) = p(=|c|f) = |c|u(=f) = —[e[u(f) = cu(f).
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Proposition 5.13. Consider a p-integrable function f : S — R and a p-integrable function g : S — R. Because
f+g:S— Ris X-measurable and |f + g| < |f| + |g| implies p(|f + g|) < u(|f]) + (|g]) < 0o, we know that f+ g
is p-integrable. Furthermore, pu(f + g) = u(f) + p(g).

Proof. We know that f +¢g = (f* — f7) + (¢ — ¢g7). Furthermore, (f +g) = (f + g)T — (f + g)~. Therefore,
(f+o)" =+ =" =)+ g" —g).
By rearranging negative terms,
(f+o)"+f +g =(f+9) +f +g"
By the linearity of the integral of non-negative functions,
w((f+9)") +u(f7) +plg7) = ul(f+9)7) +p(f*) + ulg™).

By rearranging terms,

w(f+9)") = u((f+9)7) = (u(fT) —u(f7) + (ulg™) —ulg™))

Because f + g is p-integrable,

u(f +9) = n(f) + nlg)-
O
Proposition 5.14. Let f: S — R and g : S — R be p-integrable functions. If u({f # g}) = 0, then p(f) = p(g)-

Proof. Recall that we already have the analogous result for non-negative Y-measurable functions. First, note that
if f(s)# gt (s) or f=(s) # g~ (s) for some s € S, then f(s) # g(s). Therefore,

{seS|fTs)# g™ (Ul{seS|f(s)#g () S{s €S| [f(s) #g(s)},

so that u({f* # g™ }) +u({f~ # g7 }) < p({f # g}). Because u({f # g}) = 0, we know that u({f* # g*}) =0
and p({f~ # g~ }) = 0. Because fT, f~,g", and g~ are non-negative Y-measurable functions, we know that

u(f*) = p(g™) and u(f~) = p(g™). Therefore,
u(f) = p(f*) —p(f7) =pulg®) —ulg™) = ug).
0

Definition 5.12. The integral with respect to u of a u-integrable function f : S — R over the set A € ¥ is defined
as

p(f; A) = pu(fla).

Because fI4 is Y-measurable and |fI4| < |f] implies p(|fI4]) < u(|f]) < oo, we know that fI4 is p-integrable.
Alternatively, the integral u(f; A) with respect to u of f over the set A € ¥ is denoted by

/A fdp = /A F(s)u(ds) = p(f; A).

Proposition 5.15. Consider a sequence of real numbers (z,, | n € N) and the measure space (N, P(N), ), where
u({n}) =1 for every n € N. Furthermore, consider a function f : N — R such that f(n) = z,,. In that case, f is
p-integrable if and only if )~ |x,| < co. Also, if f is p-integrable, then pu(f) =", @p.

Proof. Suppose that f(n) > 0 for every n € N. For every k € N, consider the function f; : N — [0, 00| given by

fe(n) = Zf(i)]l{i}(n) o if n> k.

=0

k {f(n)7 if n <k,
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Clearly, if £ — oo, then fy — f. Because fj is a simple function,

k k k
p(fe) =Y Fpdit) => fi) =) =
=0 =0

=0

Because fi < fr+1, we have fi T f. By the monotone-convergence theorem, pu(f) T u(f). Therefore,

ST IS
n
Now suppose f(n) € R for every n € N. Based on our previous result,

pllf)) = p(f )+ p(f7) =Y max(z,,0) + max(—a,,0 len\

By definition, f is integrable if and only if u(|f|) = >, |#n| < 0o, in which case
p(f) = u(f) - Zmax (2, 0) — max(—xz,,0 Zmn

O

Theorem 5.2 (Dominated convergence theorem). Consider a sequence of ¥-measurable functions (f, : S — R |
n € N) and a Y-measurable function f : S — R such that lim, o f, = f. Furthermore, suppose there is a
p-integrable non-negative function g € £1(S,%, 1) that dominates this sequence of functions such that |f,,| < g
for every n € N. In that case, f is u-integrable and lim,, o u(frn) = n(f).

Proof. Because g is p-integrable and non-negative, u(g) = p(|g|) < co. Because |f,,| < g for every n € N, we know

that u(|fn|) < u(g) < oo, which implies that f,, is u-integrable. Because the function | - | is continuous, we know

that lim, e | fn| = |f], which implies |f] < g. Because p(|f]) < u(g) < oo, we know that f is p-integrable.
Because |f,| < g and |f] < g, we know that |f,| + |f| < 2¢. By the triangle inequality,

[fn =l =fn+ (DI < fnl + 171 < 29

Because | fp, — f] : § — [0, 0] is a ¥-measurable function and | f,, — f| < 2g for every n € N, where 2g : S — [0, 0]
is a Y-measurable function such that pu(2g) = 2u(g) < oo, the reverse Fatou lemma states that

" (limsuplfn - f|) > limsup ([~ f1).

n—oo

Since the function |- | is continuous, we know that lim,,_,~ |fn — f| = 0, where 0 is the zero function. Therefore,
limsup |f, — f| =liminf[f, — f[= lim |f, — f]|=0.
n—oo n—oo n—oo
By taking the integral with respect to p of these non-negative functions,

0.

" (ng;sogp = f|> = o (timinf | £, = 1) =i ( Tim_|f = f1) = (0)
Because f, — f is p-integrable for every n € N and |u(fn — f)| < u(|fn — f]),

0 > limsup u(|fn = f|) = limsup [u(fn = )] = liminf |p(f, — f)] > 0.
n—oo n oo

n—0o0

Because the limit superior and limit inferior in the inequation above must be equal to zero, we know that
lim,, oo |6(fr — f)] = 0, which implies lim,, o u(fr, — f) = 0. By the linearity of the integral with respect to p,

lim p(fn) = p(f).

n—roo
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Lemma 5.3 (Scheffé’s lemma for non-negative functions). Consider a sequence of u-integrable non-negative func-
tions (f, : S — [0,00] | » € N) and a p-integrable non-negative function f : S — [0, c0] such that lim, o fr = f
(almost everywhere). In that case,

Jim p(|fn = fI) = 0if and only if lim p(fn) = p(f)-

Proof. First, suppose lim, oo u(|fn — f|) = 0. Since 0 < |u(fr — )| < w(|fn — f]), the squeeze theorem implies
that lim, . |(fr — f)| = 0, which also implies that lim,, o, u(f, — f) = 0. By the linearity of the integral with
respect to p, we conclude that lim,, oo u(frn) = u(f).

Now suppose lim,, oo pt(frn) = u(f) and consider the function (f, — f)~ : S — [0, 00| given by

f(s) = fnls), i f(s) > fuls),

(F = £)7(5) = max(= (£ = )(5),0) = max((f = £)(5).0) = (F = fu) *(s) = {0 = f

Note that (f, — f)~ < f for every n € N. Because lim,,_, fr, = f, we know that for every s € S and € > 0 there
is an N € N such that n > N guarantees that |f(s) — f,(s)| < e. Note that, for every n > N, if f(s) > f.(s), then
[(fo = £)" ()] = |f(5) = fu(s)] < e If f(s) < fu(s), then |(f, — f)7(s)| = 0 < €. Therefore, for every s € S and
€ > 0, there is an N € N such that n > N guarantees that |(f, — f)~(s)| < e. By definition, lim,, o (fn — f)~ =0,
where 0 denotes the zero function.

Consider the sequence of ¥-measurable functions ((f, — f)~ : S — R | n € N) and the X-measurable function
0 : S — R such that lim, oo (fn — f)~ = 0. Furthermore, consider the p-integrable non-negative function f €
LY(S, %, u)* such that |(f, — )| = (fu — f)~ < f for every n € N. By the dominated convergence theorem, we

know that lim,, oo p((frn — f)7) = p(0) = 0.
For every n € N, recall that (f, — f)* = (fn — f) + (fn — f) . By the linearity of the integral with respect to u,

lim p((fn = f)7) = lim p(fn) = () +p((fa = £)7) = p(f) = u(f) + lm p((fo = f)7) =0.

n—oo n—oo

For every n € N, recall that |f, — f| = (fn — f)* + (fn — f)~. By the linearity of the integral with respect to p,
Tim [ fo— £1) = T p((fo— D)+ l(Fa = ) =0.
O

Lemma 5.4 (Scheffé’s lemma). Consider a sequence of p-integrable functions (f, : S — R | n € N) and a
p-integrable function f : S — R such that lim, . f, = f (almost everywhere). In that case,

Jim p(|fn — fI) = 0 if and only i lim pu(|fn]) = p(|f])-
Proof. First, suppose lim,,—, o (| fn — f|) = 0. By the triangle inequality,

[ful = 1(fa = O+ FI < U = FIH IS

Because the integral with respect to p is non-decreasing and linear,

wlfn = FD) = p(fal) = m(1£1);
1l fn = £ = w1 f1) = pdlfnl)-

Because pu(|fn — f]) > a and p(|fn — f]) > —a for a = p(|fa]) — p(1f1),

wlfn = f) = |l fnl) = p( DI = 0.

By the squeeze theorem, lim, o |p(|fn]) — p(|f])] = 0, which implies lim,_, o p(|fn]) — p(|f]) = 0. By the
linearity of the integral with respect to u, we conclude that lim, o u(|fn|) = (| f])-
Now suppose lim,, oo 1£(] fn]|) = p(]f]). Because the function g : R — R given by g(z) = max(z, 0) is continuous,

lim f,7(s) = lim max(f,(s),0) = max(f(s),0) = fT(s),

lim £ (s) = lim max(—fu(s),0) = max(~£(s),0) = /().
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Because (f,;f : S — [0,00] | n € N) and (f,, : S — [0,00] | n € N) are sequences of X-measurable functions, the
Fatou lemma guarantees that

u(rty = p (tim £F) = (iminf £) < liminf p(f),

n(f7)=n (lggo f;) =p (ligg{gf fn‘) < liminf u(f,,)-
Consider the integrals u(f,7) and u(f, ) written as
p(fo) = ulf) + p(fy) = nlfa),
plf) = nlfy) + n(f) = w(f)-

By taking the limit superior of both sides,

limsup p(f,7) = limsup (u(f,7) + p(fy) — w(f))

limsup p(f;7) = limsup (u(£;) + p(£7) = w(f)) -

By the subadditivity of the limit superior,

limsup p(f;7) < limsup (u(f7) + p(fy)) + limsup —pu(f;)

n—00 n—00 n—00
limsup u(f,) < limsup (u(fy) + p(f;)) + limsup —p(f;5).
n—oo n—oo n—oo

From our assumption that lim,, . u(|fn|) = (] f1),
limsup (u(f,) + u(fy)) = limsup (u(f,) + p(f,)) = limsup u(|fal) = lim pu(|fa]) = n(lf]).
n—oo n—oo n—o00 n—o00
Therefore, by the relationship between the limit inferior and the limit superior,

limsup u(fF) < p(lf]) ~ minf p(f;),

n— oo

limsup () < pu(| 1) — im inf (7).

n—oo

By non-decreasing the right sides of the previous inequations using our previous result,
timsup a(£) < (lf1) = u(f7) = p(F5) + u(f7) = wlF7) = ()
timsup u(f, ) < u(f1) = n(f7) = n(f ) +p(f7) — p(f7) = w(f7).

n—oo

By noting that the limit superior is at least as large as the limit inferior and combining the previous results,

p(f*) < liminf p(f,") < limsup p(f,") < u(f"),

n—0o0

p(f7) <liminfu(f,7) <limsup p(fy) < p(f7).

n—oo

Because the previous inequations imply that the limits must match,

lim u(f) = p(f"),

n—oo
Jim p(fy) = p(f7)

Because (f;f : S — [0,00] | n € N) and (f,, : S — [0,00] | n € N) are sequences of u-integrable non-
negative functions and f* : S — [0,00] and f~ : S — [0,00] are p-integrable non-negative functions such that
lim, oo fi7 = fT and lim,, o f,; = f~, Scheffé’s lemma for non-negative functions guarantees that

lim p(|f = f*]) =0,

n—oo
0.

i u(f, — 1)

n—oo
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By the triangle inequality,
(o= fl=1f0 = F) === = )+ =l < = I+ = ]
Because the integral with respect to p is non-negative for non-negative functions, non-decreasing, and linear,

0 < pllfo = fD) < pllfd = FTD +pdlf = 7D

By the squeeze theorem, and as we wanted to show,
lim (| fn — f]) = 0.
n—oo
O

Proposition 5.16. Consider the measure space (5,3, ). For a set A € 3, consider the triple (4,34, 14) such
that ¥4 = {B € X | B C A} and pa(B) = pu(B) for every B € ¥ 4. In that case, (4,34, 114) is a measure space
restricted to A.

Proof. First, we will show that ¥4 is a o-algebra on A. Because A € ¥ and A C A, we have A € X 4. If B € ¥4,
then B € ¥ and AN B¢ € ¥.. Because AN B® C A, we have A\ B € ¥ 4. For any sequence (B,, € ¥4 | n € N), the
fact that B, € ¥ guarantees that U, B, € X. Because B, C A for every n € N, we know that U, B,, C A, which
implies U, B,, € ¥ 4.

Second, we will show that the non-negative function py : ¥4 — [0,00] is a measure on the measurable space
(A,X4). Because § € ¥ and ) € ¥4, we know that pu4(0) = u(@) = 0. For any sequence (B,, € £4 | n € N) such
that B, N B, = 0 for every n # m, we know that U, B,, € ¥ and U, B,, € ¥4 and

fia (Lnj Bn) =p (Lnj Bn> = Zn:u(Bn) = ;MA(Bn)-
O

Proposition 5.17. Consider the measure space (5, X, ) and a X-measurable function f : S — R. Consider also the
measure space (4, Y4, p1a) restricted to A € ¥ and the function f|4 : A — R restricted to A given by f|a(a) = f(a)
for every a € A. The function f|4 is ¥ 4-measurable because, for every B € B(R),

(fla)7'(B)={ac A| fla) e B} ={s € S| f(s) e Byn A= f1(B)NA.

Proposition 5.18. Consider the measure space (S, %, 1), a Y-measurable function f : S — R, and a set A € X.
Then f|4 is pa-integrable if and only if fI4 is p-integrable, in which case ua(f|a) = p(fIa) = u(f; A4).

Proof. First, suppose f = Ip for some set B € 3. Clearly, u(fIa) = p(Ipla) = p(lpna) = w(B N A) and
wa(fla) =palpla) = palpna) = pa(BNA). Because BNA C A, we have us(BNA) = (BN A), which implies
pa(fla) = p(fla). Because u(|fIal) = u(f1a) = pa(fla) = pa(|f]al), we know that f|a is pa-integrable if and
only if fI4 is p-integrable.

Next, suppose f is a simple function that can be written as f = ZZLI axla, for some fixed a1, as,...,an, € [0,00]
and Ay, Ag, ..., A, € 3. In that case, the integral with respect to p of the function fI,4 is given by

pu(fla) = p <Z akHAkHA> =p (Z akﬂAmA> = Z app(Ag N A).
k=1

k=1 k=1

Furthermore, the integral of the function f|4 with respect to p4 is given by

pa(fla) =pa <<Z akHAk.> > =[A <Z akHAkmA> = Z appra(la,na) = Z appa(Ar NA).
=1 A

k=1 k=1 k=1
Because A, N A C A for every k < m, we have ua(Ar N A) = pu(Ax N A), which implies pa(fla) = p(fIa).
Because p(|fIa]) = u(fla) = pa(fla) = wa(lflal), we know that f|a is pa-integrable if and only if fI4 is
p-integrable.
Next, suppose f is non-negative. For any n € N, let f, = a,, 0 f, where «, is the n-th staircase function. Because
(fulla | n € N) is a sequence of ¥-measurable functions such that f,I4 1 fIa, we know that u(f,Ia) T u(fIa).
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Because (fnla | n € N) is a sequence of 3 4-measurable functions such that f,|a 1T f|a, we know that pa(fnla) T
wa(fla). For every n € N, the fact that f,, is a simple function implies p(f,14) = pa(fnla). Therefore, pa(fnla) T

p(fla), and p(fulla) T pa(fla), and p(fIla) = pa(fla). Because u([flal) = u(fla) = pa(fla) = pa(lflal), we
know that f|a is pa-integrable if and only if fI4 is u-integrable.
Finally, suppose f : S — R. By definition,

p(1f1a]) = p((fLa) ) + p((fLa)7) = u(fTLa) + u(f " La) = pa(FF1a) + pa(f~|a) = pa((F1a)") + pa((F14)7) = u(lflal)-
Therefore, f|4 is pa-integrable if and only if fI4 is p-integrable. In that case,
p(fLa) = p((fLa)") = p((f1a)7) = p(f " Ta) = u(f 7 La) = pa(fFa) — pa(f~1a) = pa((f1a)7) = pa((fla) ™) = p(f]a).
O

Proposition 5.19. If (f, : S — [0,00] | n € N) is a sequence of non-negative Y-measurable functions,
o(Sa) =S
k k
Proof. For any n € N, let g, = Y ,_ f&, such that u(gn) = > p_ou(fe). Clearly, g, > 0, gn < gn41, and

limy, o0 gn = Y fi- Therefore, g, T3, fi. By the monotone-convergence theorem, p(g,) T 13>, fr)- O
Definition 5.13. Consider a ¥-measurable function f : .S — [0,00]. The function (fu) : ¥ — [0, 00] is given by

(F)(A) = u(f; A) = p(fLa) = /A f du.

Proposition 5.20. If f: S — [0,00] is a Y-measurable function, then the function (fu) is a measure on (S, X).

Proof. Clearly, (fu)(@) = p(fIy) = p(@) = 0. Consider a sequence (B, € X | n € N) such that B, N B, = 0 for
n # m. Because (fIp, | n € N) is a sequence of non-negative ¥-measurable functions,

<UB ) (o) = i (Zﬂan> = S (L) = S (B).

O

Definition 5.14. If A\ and p are measures on (S,%) and f : S — [0,00] is a Y-measurable function such that
A= (fu), then f is a version of the Radon-Nikodym derivative dA/du of A with respect to p. In that case, we say
that f = d\/du almost everywhere.

Proposition 5.21. Consider a Y-measurable function f : S — [0,00] and the measure A = (fu) on (S,%). If
h:S — R is a Y-measurable function, then h is A-integrable if and only if Af is py-integrable. In that case,

/hdA:)\(h):u(hf):/hf dy.
S S

Proof. First, note that if h is X-measurable then hf is also Y-measurable.

Next, let h =14 for some A € . In that case, u(hf) = p(laf) = pn(f; A) = AMA) = A(La) = A(h). This step is
complete since p(|hf]) < oo if and only if A(|h]) < oco.

Next, suppose h is a simple function that can be written as h = Z}Ll aglla, for some fixed aq, as, ..., an, € [0, 0]
and Ay, A, ..., Ay € 2. By the linearity of the integral and considering the previous step,

=K (Z ak]IAkf> = Zaku(ﬂAk Zak)\ ]IAk (ZakﬂAk> = )\ )
k=1 k=1

This step is complete since u(|hf]) < oo if and only if A(|h]) < co.

Next, suppose h is a non-negative Y-measurable function. For any n € N, consider the simple function h, =
an o h, where v, is the n-th staircase function. Because h,, 1 h, the monotone-convergence theorem implies that
A(hy) T A(R). Similarly, because h,f 1 hf, the monotone-convergence theorem implies that w(h,f) T p(hf).
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Because our previous result implies that A(h,) = wu(h,f), the limit when n — oo shows that p(hf) = A(h). This
step is complete since p(|hf]) < oo if and only if A(|h]) < oco.

Finally, suppose h : S — R is a Y-measurable function. Recall that h = ht — h~, where h™ and h~ are
non-negative X-measurable functions. If either A\(|h]) < oo or p(|hf|) < co, then

p(hf) = u((h* =h7)f) = p(h* f) = p(h™ f) = A(RT) = A(h7) = A(h) < oo.

Since A(Jh|) = u(|hf]) = oo implies that h is not A-integrable and that hf is not u-integrable, the proof is
complete.
O

Proposition 5.22. Consider a Y-measurable function f : S — [0, 00] and the measure A = (fu) on (S,%). For
every A € 3, if u(A) =0, then A(A4) = 0.

Proof. Suppose that u(A) = 0 for some A € ¥. The fact that {fI4 # 0} C A implies u({fI4 # 0}) < u(A) = 0.
Because fI4 and 0 are ¥-measurable functions such that p({fI4 # 0}) = 0, we know that p(fI4) =p(0)=0. O

Definition 5.15. If A and p are measures on (S, X) such that u(A) = 0 implies A(A) = 0 for every A € X, then A
is absolutely continuous with respect to p, which is denoted by A < p.

Theorem 5.3 (Radon-Nikodym theorem). If A and u are o-finite measures on (5, %) such that A < p, then a
version of the Radon-Nikodym derivative dA/du of A with respect to u exists. If f and f are such versions, then

u(f#f)=0.

Proposition 5.23 (Radon-Nikodym chain rule). Let A, u, and n be o-finite measures on (S, X) such that A < p and
uw<<n. If f=d\/dpalmost everywhere and g = du/dn almost everywhere, then fg = d\/dn almost everywhere.

Proof. Note that fg:S — [0,00] is X-measurable. For every A € ¥,

MM=LMM=AMWM=L@WQM=LMUQMzémmﬁﬂmmM)

6 Expectation

Definition 6.1. Cousider a probability triple (2, F7,P). The expectation E(X) of a P-integrable random variable
X : Q — R is defined as the integral of X with respect to the probability measure P. Therefore,

E(X)=P(X) = / XdIP’z/X(w)]P’(dw).
Q Q
Definition 6.2. The expectation E(X) of a non-negative random variable X : Q — [0, 00] is also defined as the

integral of X with respect to the probability measure P.

Consider a sequence of random variables (X,, : @ — R | n € N) and a random variable X :  — R such that

P ( lim X, = X) =P ({w € Q| lim X,(w) = X(w)}) =1

n— oo
The integration results discussed in the previous section can be restated as follows.
Theorem 6.1 (Monotone-convergence theorem). If X,, > 0 and X,, < X,,41 for every n € N, then E(X,,) T E(X).
Lemma 6.1 (Fatou lemma). If X,, > 0 for every n € N, then E (X) < liminf,,_, . E[X,].

Theorem 6.2 (Dominated convergence theorem). If there is a P-integrable non-negative function Y : Q — [0, 0]
such that | X,,| <Y for every n € N, then X is P-integrable and lim,_, . E(X,) = E(X).

Lemma 6.2 (Scheffé’s lemma). If X and X,, are P-integrable for every n € N, then lim,, ., E(|X,, — X|) = 0 if
and only if lim,, ., E(|X,|) = E(]X]).

Theorem 6.3 (Bounded convergence theorem). If there is a K € [0, 00) such that | X,,| < K for every n € N, then
lim,,—, o E(X,) = E(X) and lim,, . E(]X,, — X|) = 0.
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Proof. Note that the simple function Y = K is P-integrable, since P(|Y]) = P(Y) = P(KIg) = KP(Q) = K.
Therefore, X is P-integrable and lim,,_,~, E(X,) = E(X). The dominated convergence theorem also guarantees
that lim, . E(|X,, — X|) = 0. O

Definition 6.3. The expectation E(X; F) of the P-integrable random variable X : @ — R over the set F' € F is
defined as

E(X;F) = E(XIp) = P(X; F) = P(XIp) = /FXdIP: /FX(w)IP’(dw).

Proposition 6.1. Consider a random variable Z : @ — R and a B(R)-measurable non-negative function g : R —
[0, 0] such that a < b implies g(a) < g(b). Recall that the function ¢(Z) : Q@ — [0, o0] defined by ¢(Z) = go Z is
also a random variable. For every ¢ € R, Markov’s inequality states that

E(9(2)) = g(c)P(Z = ¢),

since 9(Z) > 927y > 9(ON 70 implies E(9(2)) > E(g(0)iz5}) = 9(c)B(Z > c).

Proposition 6.2. Consider a non-negative random variable Z : Q — [0, 00] and let g(c) = max(c,0). For ¢ > 0,
Markov’s inequality implies that E(Z) > ¢P(Z > ¢).

Proposition 6.3. Consider a random variable Z :  — R and let g(c) = € for some # > 0. Markov’s inequality
implies that E(e??) > e%P(Z > ¢).

Proposition 6.4. Consider a non-negative random variable X : Q — [0,00]. If E(X) < o0, then P(X < o0) = 1.
Note that oollfx—o} < X, such that coP(X = oo) < E(X). Therefore, P(X = 0co) > 0 implies E[X] = oco.

Proposition 6.5. Consider a sequence (Z, : Q@ — [0,00] | n € N) of non-negative random variables. In that case,
E (Z Zk> = ZIE(Zk).
k k

Proposition 6.6. Consider a sequence (Z, : Q@ — [0,00] | n € N) of non-negative random variables such that
> wE(Z;) < co. In that case, Y, Z, < oo almost surely and lim, o Z, = 0 almost surely, where 0 denotes the
zero function.

Proof. Because E(}", Z;) < oo, we know that P(}", Z; < oo) = 1. Because the n-th term test implies that
{>°k Zk < 00} C{limy, 00 Z, = 0}, we know that 1 =P(>", Z; < c0) < P(limy, o Z,, = 0). O

Lemma 6.3 (Borel-Cantelli lemma). Consider a sequence of events (F,, € F | n € N) such that ) P(F,) < oco.
Let (I, | » € N) be the corresponding sequence of indicator functions. Because E(Ip, ) = P(F})), we know that
> nE(IF,) < oo, which implies } Ir, < oo almost surely. Because ) Ir, (w) is the number of times that the
outcome w € () belongs to an event in the sequence, we know that the outcome w almost surely belongs to a finite
number of events in the sequence, which implies that P (limsup,,_, . F) = 0.

Definition 6.4. A function ¢ : R — R is convex if Ap(z) + (1 = N)d(y) > d(Ax + (1 — N)y), for every x € R, y € R,
and A € [0,1]. If ¢ : R — R is convex, it is also continuous and therefore B(R)-measurable.

Important examples of convex functions include  + |z|, z + 22, and x ~ €%* for § € R.

Proposition 6.7. If ¢ : R — R is a convex function, for every z € R there is a function ¢ : R — R given by
g(z) = ax 4+ b for every x € R and some a € R and b € R such that g(z) = ¢(z) and g(z) < ¢(x) for every z € R.

In other words, for every point in the domain of a convex function, there is a linear function that never surpasses
the convex function such that the value of the linear function at that point matches the value of the convex function
at that point.

Proposition 6.8 (Jensen’s inequality). Consider a random variable X : @ — R such that E(X) < co and a convex
function ¢ : R — R. In that case, E(¢(X)) > ¢(E(X)).

Proof. Consider a function g : R — R such that g(E(X)) = ¢(E(X)) and g(z) = az + b < ¢(x) for every x € R and
some a,b € R. Clearly g(X) =go X < ¢o X = ¢(X). Therefore,

E(¢(X)) > E(9(X)) = E[aX +b] = aE(X) + b = g(E(X)) = ¢(E(X)).
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Definition 6.5. For every p € [1,00), the set LP(Q2, F,P) contains exactly each random variable X : @ — R such
that E(JX|P) < oc.

Definition 6.6. If X € £P(Q, F,P), the p-norm || X||, of the random variable X is given by || X||, = E(|X|?)/?.

Proposition 6.9 (Monotonicity of norm). For every p € [1,00) and r € [1,00) such that p <r, if Y € L7(Q, F,P)
then Y € £P(Q, F,P) and ||V, < [[Y]|,.

Proof. For every n € N, consider the function X,, = min(|Y'|,n)?. Clearly, 0 < X,, <nP,s00 < E(|X,|) =E(X,) <
nP. Consider also the convex function ¢ : R — R given by ¢(z) = |2|"/? such that ¢(X,) = |X,["/? = X}/*.
Clearly, 0 < X;/? = min(|Y|,n)" < n", so 0 < E(|X}/?|) = E(X}/?) < n". Using Jensen’s inequality,

E(X7/7) = E(¢(Xn)) > $(B(Xn)) = |E(Xn)[P = B(X,)"/?.
Because X5/ > 0 and X./? 1 |Y'|”, the monotone-convergence theorem guarantees that E( r/p ) TE(]Y]"). Because

X, >0 and X,, 1|Y|?, the monotone-convergence theorem guarantees that E(X,,) 1T E(]Y|?). By taking the limit
of both sides of the previous inequation,

r/p
E(Y]") = lim E(X7/?) > lim E(X,)/? = ( lim E(Xn)) — (Y [P)"/?.
n—oo

n—oo n—oo

By taking the r-th root of both sides of the previous inequation,
oo > E(|Y[)V" 2 E(JY[7)!/7.

Proposition 6.10. For every p € [1,00), the set £P(§2, F,P) is a vector space over the field R.

Proof. First, recall that the set of all functions from €2 to R is a vector space over the field R when scalar multi-
plication and addition are performed pointwise. Because such set includes £P (2, F,P), it is sufficient to show that
LP(Q, F,P) is non-empty and closed under scalar multiplication and addition. Because 0 : & — R is a random
variable and E(|0|?) = E(0) = 0, we know that 0 € £P(Q, F,P). If X € £P(Q, F,P) and ¢ € R, then ¢X : Q = R
is a random variable and E(|cX|P) = E(|c[?|X|P) = |¢[PE(|X]|P), we know that ¢X € LP(Q,F,P). Finally, if
X e P, F,P)and Y € LP(Q, F,P), then

(X + Y7 < ([X]+[Y])? < @max(|X], [Y])P < 2°([X]7 + [Y]7),
which implies X +Y € £P(Q, F,P) since
E(IX +Y") <E@P(X]7 +[Y[") = 2"E([X]|7) + 2"E([Y ") < o0.
O

Proposition 6.11 (Schwarz inequality). Consider the random variables X € £2(Q, F,P) and Y € £3(Q, F,P). In
that case, XY € £L1(Q, F,P) and E(|XY|) < || X||2[|Y |2

Proof. First, consider the case where || X||2 # 0 and ||Y]|2 # 0. Let Z = |X|/||X||2 and W = |Y|/||Y||2. Clearly,
E(Z?) =E(]X]?)/|| X% = 1. Analogously, E(W?) = 1. Because (Z — W)? > 0, we know that

0<E((Z-W)*) =E(Z?) +E(W?) —E2ZW) =2 - E(2ZW).
Because the previous inequation implies that E(ZW) < 1,
1> E(ZW) = E(X|IY|/IX211Y ]l2) = E(XY )/ X [[2[]Y |2
Using the fact that X € £2(Q, F,P) and Y € L3(Q, F,P),
E(IXY]) < [[Xl2[Y[l2 < oc.

Finally, consider the case where || X || = E(X?)Y/? = 0, which will prove analogous to the case where ||Y]|s = 0.
Because X? is a non-negative random variable, the fact that E(X?) = 0 implies that P(X? > 0) = P(X # 0) = 0.
Therefore, P(X = 0) = 1. Because {X = 0} C {XY = 0}, we know that P(X = 0) < P(XY = 0), which implies
P(XY =0) = P(|XY| = 0) = 1. Because {|XY| = 0} happens almost surely, we know that E(|XY]|) = E(0) = 0.
Therefore, XY € £}(Q,F,P) and 0 = E(|XY]|) < | X|]2]|Y|l2 = 0. O
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Proposition 6.12 (Triangle law). Consider the random variables X € £2(Q2, F,P) and Y € £2(€, F,P). Because
L2(Q, F,P) is a vector space over R, we know that X +Y € £2(Q, F,P). In that case, | X + Y2 < [| X2 + [|Y]|2.

Proof. Since | X + Y| < |X|+ |Y]|, we know that | X + Y|? < (|X]| + |Y])? = | X|* + 2|X||Y| + |Y|?. Therefore,
E(IX +Y]*) <E(X[*) +2E(X[[Y]) + E(|Y]*) = E(|X[*) + 2E(| XY ) + E(|Y]*).
Using the Schwarz inequality,
E(IX +Y]*) SE(X]) + 21X 2Vl + E(Y ) = (1Xl2 + Y ]2)
By taking the square root of both sides,
IX + Y2 = E(X + Y[*)'/2 < [ X[l2 + Y ]|2.
O

Definition 6.7. Consider the random variables X € £2(Q, F,P) and Y € £3(Q, F,P). Recall that X € £1(Q, F,P)
and Y € LY(Q, F,P). Let ux = E(X) and py = E(Y). Because (X —ux) € L2(Q, F,P) and (Y —uy) € L2(Q, F,P),
we know that (X — ux)(Y — py) € £LY(Q, F,P). The covariance Cov(X,Y’) between X and Y is defined by

Cov(X,Y) =E((X — px)(Y — py)) = E(XY) = E(Xpy) —E(Yx) + E(uxpy) = E(XY) = pxpy.
Definition 6.8. Consider the random variable X € £2(Q, F,P). The variance Var(X) of X is defined by
Var(X) = Cov(X, X) = E((X — px)?) = E(X?) — p%.

Definition 6.9. Consider the random variables U € £2(Q, F,P) and V € £2(Q, F,P). The inner product (U, V)
between U and V is given by (U, V) =E(UV).

Definition 6.10. In that case, If |U]|2 # 0 and ||V||2 # 0, the cosine of the angle 6 between U and V' is defined as

U, V)

€osl = 0.
U121Vl
Because (U, V)| = |E(UV)| <E(UV|) < ||U||2]|]V]2, we know that |cos@] < 1.

Proposition 6.13. Consider the random variables U, V,W, Z € L£2(), F,P). The following are properties of the
inner product:

o (U,U) =E(U?) = |U|3.

(UV) =EUV) =E(VU) = (V,U).
(aU,V) = E(aUV) = aE(UV) = a(U, V), for any a € R.
(U,aV) =E(UaV) =

(
(
(

UaV

aE(UV) = a{U, V), for any a € R.

U+V,W)=E(U + V)W) =EUW + VW) = (U W) + (V,W).

UV+W)=EUWV+W))=EUV+UW) = (UV)+ (UW).
o U+VWH+2Z)=UWH+2Z)+V,W+2Z)=UW)+(U,Z)+(V,IW)+(V, Z).

Definition 6.11. Consider the random variables X € £%(Q,F,P) and Y € £*(Q, F,P). Let ux = E(X) and
ny = E(Y). The correlation p between X and Y is defined as the cosine of the angle between X — ux and Y — uy,
which is given by

(X —px,Y — py) Cov(X,Y)

PTIX —axlellY —pvlls  /Var(X) Var(Y)

Proposition 6.14. Consider the random variables U € £%(Q,F,P) and V € £2(Q,F,P). Because U +V €
‘CQ(Qa]:a P)a

IU+ VI3 =E(U +V[*) =E(U +V)?) = E(U?) + 2E(UV) + E(V?) = [U]3 + [V]|3 + 2(U, V).
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Definition 6.12. If (U, V) = 0, we say that U and V are orthogonal, which is denoted by U L V. In that case,
1T+ VI3 = U135+ VI3

Proposition 6.15. Consider the random variables X € £2(Q,F,P) and Y € £*(Q2, F,P). Note that X +Y €
L£3(Q, F,P) and

Var(X +Y) =E(X +Y)?) —E(X +Y)? = E(X? + 2XY + Y?) — (E(X)? + 2E(X)E(Y) + E(Y)?).
By the linearity of expectation and reorganizing terms,
Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y).
Therefore, if Cov(X,Y) =0, then Var(X +Y) = Var(X) + Var(Y).
Proposition 6.16. More generally, if X1,..., X, € £2(Q, F,P), then
n n n—1 n
Var <Z Xk> = ZVar(Xk) +2 Z Z Cov(X;, Xj).
k=1 k=1 i=1 j=i+1

Proposition 6.17 (Parallelogram law). Consider the random variables U € £2(2, F,P) and V € £*(Q,F,P). In
that case,

U+ VIZ+ 11U = VI3 =2Ul3 + 2IV3.
Proof. Using the relationship between the inner product and the 2-norm,
[U+VIE+|U-VI5={U+V,U+V)+({U-V,U—-V).
By the bilinearity of the inner product,
IU+VI3+ U= VI3 = (U,U) +{UV) + (V,U) + (V.V) + (U, U) + (U, =V) + (-V,U) + (-V, = V).
By cancelling terms,
IU+VIZ+ U = VI3 =2U,U) +2(V,V) = 2|U|3 +2|[V]3.
O

Proposition 6.18. For some p € [1,00), consider a sequence of random variables (X,, € LP(Q, F,P) | n € N) such
that

lim sup || X, — X,|[, =0.

k—o0 r,s>k
In that case, there is a random variable X € £P(Q, F,P) such that
nlggo [ Xn — X|l, = 0.

Proof. By definition, for every e > 0 there is an N € N such that k£ > N implies sup,. ;> || X, — X||, < e. Therefore,
there is a sequence (k, € N [ n € N) such that k,+1 >k, and sup, ;> [| Xy — X, < 1/2" for every n € N.
For every n € N, the monotonicity of the norm implies that

1
- anHp < ?

E(‘Xkywrl - an') = ||an+1 - anlll < HX/%+1 nt

— X}, | is a non-negative random variable for every n € N,

ZE(|an+1 —an|) =E (Z |an+1 —an|> < 22% < Q.

Because [ Xk, ,
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Because the expectation above is finite,

P (Z | Xk — Xio | < oo> =1

Suppose ) | X, ., (W) = Xk, (w)] < oo for some w € Q. For every € > 0, the Cauchy test guarantees that there
is an N € N such that j > ¢ > N implies
J
Z |an+1 (W) — Xk, (w)l

n=i

J
= Z |an+1 (w) — Xk, (w>| < €.

n=t

Furthermore, for every j > i,

| Xk, (W) = X, (W) = |ij(w)in(w)+ > X W)= Y Xk, (w)

n=i+1 n=1i+1

Z an(w)*Zan(w) :

n=t+1

By shifting indices and using the triangle inequality, for j > i > N,

|X1€j (w) - Xkl (w)| = Zan+1(w) - an (w)

<D X () = X, ()] < e

For j =i > N, note that [Xy, (w) — X, (w)| = 0 < e. Therefore, for every e > 0 there is an N € N such that
j > N and i > N implies | Xy, (w) — Xp, (w)| < ¢, such that (X, (w) | n € N) is a Cauchy sequence of real numbers.

Because every Cauchy sequence of real numbers converges to a real number, consider the random variable
X = limsup,, , ., Xk, such that lim, . X, (w) = limsup,, , . Xk, (w) = X (w).

Since {>_,, [ Xk, — Xk, | < oo} C {lim, o0 Xp, = X},

P (nli_)rr;oan = X) >P (; | Xpyss — X | < oo> = 1.

Suppose lim,, o Xi, (w) = X (w) for some w € Q. For every r € N,

lim X, (w) — Xr(w)‘p — lim | Xp, (@) — X (@)]P = [ X (@) — X (w)]7.

n—r oo n— 00
Because {lim,, oo Xi, = X} C {limy, 00 | Xk, — Xr|P = |X — X,|P} for every r € N,

JP’( lim | X5, — X, P =X — XT\P) > IP( lim X, = X) ~ 1

n— oo n—00
Because | X, — X,|P > 0 for every n € N, by the Fatou lemma,
E(|X — X,.]?) <liminf E(| X, — X,.|).
n—oo

For any ¢t € N, suppose r > k; and recall that k,, > k; whenever n > t. In that case,

1
B(1Xk, — X1%) = Xk, = X[ < 5.

For any € > 0, choose ¢ € N such that 1/2'7 < e. In that case, for any r > k;,

. . 1
E(1X — X,[7) <lminf E(| Xk, — X, ") < 7 <e

Because LP (2, F,P) is a vector space over the field R, the fact that (X —X,) € £LP(Q, F,P) and X, € LP(Q, F,P)
implies that X € LP(Q, F,P). The previous inequality also shows that

lim E(|X — X,[7) = lim [|X — X2 = 0.
r—>00

r—00
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Definition 6.13. A vector space I C LP(Q2, F,P) is said to be complete if for every sequence (V;, € K | n € N)
such that

lim sup ||V — Vil =0

k—o0 r,s>k
there is a V' € K such that
lim |V, — V]|, =0.
n—oo

Proposition 6.19. If the vector space K C £2(Q, F,P) is complete, then for every X € £2(Q, F,P) there is a
so-called version Y € K of the orthogonal projection of X onto K such that | X — Y| = inf{||X — W|2 | W € K}
and X —Y L Z for every Z € K. Furthermore, if Y and Y are versions of the orthogonal projection of X onto K,
then P(Y =Y) = 1.

Proof. For some X € L2(Q, F,P), let A = inf{||X —W]||2 | W € K}. First, we will show that it is possible to choose
a sequence (Y, € K | n € N) such that lim,_, || X — Y, |l2 = A. Recall that for every € > 0 there is a W € K such
that || X — W2 < A4 e€. Choose Y,, such that || X — Y, || < A+ n%_l For every € > 0, there is an N € N such that
n > N implies that || X — Y,||2 < A + ¢, which is equivalent to ||| X — Y, ||2 — A| < e since A < || X — Y, ||2-

Let U:X—%(YT—FYS) and V = %(Y,«—Ys) such that U +V = X —Y, and U -V = X —Y,. Because
U e L2(N,F,P)and V € L2(Q, F,P), the parallelogram law guarantees that

2 2

1 1
|X—Ys||§+X—K-II§=2“X—2(n+1@) +2H2(YT—YS)
2 2
Therefore,
1 2 1 1 1 2
2300 - vo| =2 (30— ¥ 300 - V) = IX - Y+ X -Vl -2 X - J 4 v
2 2

Using properties of the inner product and reorganizing terms,

1 2
2
IV, = Vil = 20X - Yl + 20X - ¥, 1 - 4 |x - 500+ %)

2
Because (Y, + Y3)/2 € K, we know that || X — (Y, + Y3)/2||3 > A2. Therefore,
¥, — Yall2 < 20X — Vill3 + 201X - Y, - 447,

For every € > 0, since lim,,_, | X — Y, ||3 = A?, there is a k such that n > k implies ||| X — Y, ||5 — A?| < &,
which is equivalent to || X — Y,[|3 < £ + A2, Therefore, whenever 7, s > Fk,

1Y, — Yall? < 21X — Ya|2 + 2/ X — Y,[|2 — 4A2 < 2 (2 +A%) 42 (2 +A%) —4A% =,

which implies

lim sup ||Y, — Y;|l2 = 0.
k—

s>k
Because K is complete, there is an Y € K such that
Tim (¥, — V]2 =0.
Let U=X —Y,and V =Y, — Y such that U + V = X — Y. Because U € L2(Q, F,P) and V € L3(Q, F,P),
A<[X =Yl <[[X = Yalla +[[Yn = Y2

Using the squeeze theorem when n — co shows that | X — Y| = A =inf{||X — W], | W € K}.
Forsome Z € Kandt € R, let U = X—Y and V = —tZ such that U+V = X —Y —tZ. Because U € L?(Q, F,P)
and V € £%(Q, F,P) and considering the bilinearity of the inner product,

IX =Y —tZ|3 = IX = Y5+ | = tZ]3 +2(X — Y, ~tZ) = | X — Y |3+ *|| 2|3 - 2(X — Y, Z).
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Because (Y +tZ) € K, we know that || X — Y||3 < [|X — (Y +tZ)|3. Therefore, for every Z € K and t € R,
2 Z)3 > 26(X Y, Z).

We will now show that the previous inequation can only be true for every Z € K andt e Rif (X =Y, Z) =0
for every Z € K, which implies X — Y 1 Z for every Z € K.

In order to find a contradiction, suppose that (X — Y, Z) # 0 for some Z € K. Because (X —Y) € L2(Q, F,P)
and Z € L2(Q, F,P), the Schwarz inequality implies that

X =Yll2[[Z]l2 = E(|(X - Y)Z]) > [E((X - Y)Z)| > 0.

Clearly, |E((X=Y)Z)| = 0 when || Z||2 = 0, which implies E((X -Y)Z) = (X =Y, Z) = 0. Therefore, we can suppose

that ||Z||2 > 0. If (X =Y, Z) > 0, then choose a t € R such that 0 < t < 2(X —Y,Z)/||Z]]3. If (X —Y,Z) <0, then

choose a t € R such that 2(X —Y, Z)/||Z||3 < t < 0. In either case, t2||Z||3 < 2¢(X —Y, Z), which is a contradiction.
Suppose that Y and Y are versions of the orthogonal projection of X onto K. Because (37 -Y) ek,

(X -V, Y -Y)=(X-Y,Y -Y)=0.

By the bilinearity of the inner product,

(XY =Y)+ (=Y, Y -Y) (X, Y —Y) = (Y, Y - YV)=(-V,Y - Y) (Y, Y - V)= -Y,Y -Y) =0

Because Y -Y,Y -Y) =E((Y — Y)?) = 0 and (Y — Y)? is a non-negative random variable, we know that
P((Y —Y)? #0) = 0, which implies that P(Y =Y) = 1. O

Proposition 6.20. Consider a probability triple (2, F,P) and a random variable X : Q@ — R. Recall that
(R, B(R), Ax) is also a probability triple, where Ax : B(R) — [0,1] is the law of X given by Ax(B) = P(X~(B))
for every B € B(R). If h : R — R is a Borel function, then (ho X) € £}(Q, F,P) if and only if h € L}(R, B(R), Ax).
Furthermore, in that case,

/(hoX) dIE”:]P’(hoX):AX(h):/hdAX.
Q R

Proof. First, suppose h = Ig for some B € B(R). For every w € ,
1, if X(w) € B,

hoX =Ip(X =Ty =
(o X)(w) = Tn(X (@) = Lx-1()(«) {07 X e

Therefore, P(ho X) = P(Ix-1(5)) = P(X~!(B)) = Ax(B) = Ax(Ip) = Ax(h) < co. Because h is B(R)-measurable
and (h o X) is F-measurable, this step is complete.

Next, suppose h is a simple function that can be written as h = >_;" | axla, for some fixed ay,as, ..., an, € [0, 00
and Ay, As, ..., Ay € B(R). For every w € Q,

(hoX)(w) = apla, (X(w)) =Y axlx—1(a,)(w).
k=1 k=1

Therefore, P(ho X) = Y 7", axP(X 1 (Ag)) = D arAx(Ay) = Ax(Oje, arlla,) = Ax(h). Because h is
B(R)-measurable and (h o X) is F-measurable, this step is complete since Ax (h) < oo if and only if P(ho X) < oco.

Next, suppose h is a non-negative Borel function. For any n € N, consider the simple function h,, = a,, oh, where
vy, is the n-th staircase function. Because h,, 1 h, the monotone-convergence theorem implies that Ax (h,) T Ax(h).
Similarly, consider the simple function ay,0(hoX) = (a,0h)oX = h,0X. Because (h,0X) 1 (hoX), the monotone-
convergence theorem implies that P(h,0X) 1 P(hoX). Because our previous result implies that P(h,0X) = Ax (hy),
the limit when n — oo shows that P(h o X)) = Ax(h). Because h is Borel and (h o X)) is F-measurable, this step is
complete since Ax(h) < oo if and only if P(ho X) < oco.

Finally, suppose h is a Borel function. Recall that h = h™ — h™, where h* and h™ are non-negative Borel
functions. Therefore, if either P(|h o X|) < oo or Ax(|h]) < oo, then

PhoX)=P((hoX)") —P((ho X)) =P(htoX)-P(h~ o X)=Ax(h") = Ax(h™) = Ax(h) < 0,
where the second equality follows from associativity. Because h is B(R)-measurable and (h o X) is F-measurable,

this completes the proof, since P(|hoX|) = Ax(|h]) = oo implies (hoX) ¢ L1(, F,P) and h ¢ L} (R, B(R),Ax). O
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Definition 6.14. Consider a probability triple (€2, F,P). A random variable X : Q@ — R has a probability density
function fx if fx : R — [0,00] is a Borel function such that the law Ax of X is given by

Ax(B) =P(XY(B)) = Leb(fx; B) = Leb(fxIp) = /B fx dLeb,

for every B € B(R), where Leb is the Lebesgue measure on the measurable space (R, B(R)).

Proposition 6.21. In that case, since (R, B(R),Leb) is a measure space and fx : R — [0, 00] is B(R)-measurable,
recall that the measure (fx Leb) on the measurable space (R,B(R)) is given by (fx Leb)(B) = Leb(fx;B) for
every B € B(R), so that Ax = (fx Leb). Therefore, using the terminology introduced in the previous section, the
probability density function fx is a version of the Radon-Nikodym derivative dAx /dLeb of Ax with respect to
Leb, so that fx = dAx/dLeb almost everywhere.

Proposition 6.22. Consider a random variable X : @ — R that has a probability density function fx : R — [0, co].
Furthermore, consider a Borel function gx : R — [0, 00| such that Leb({fx # gx}) = 0. Because these two functions
are non-negative and Leb({fxIp # gxIp}) = 0, we know that Leb(fxIp) = Leb(gxIp), which implies that the
random variable X also has a probability density function gx.

Proposition 6.23. Consider a probability triple (2, F,P) and a random variable X :  — R with a probability
density function fx : R — [0,00]. If Ax = (fx Leb) is the law of X, recall that fx = dAx/dLeb almost everywhere.
If h: R — R is a Borel function, the fact that (R, B(R), Leb) is a measure space implies that h € £L}(R, B(R), Ax)
if and only if hfx € L1(R,B(R),Leb). Furthermore, in that case,

/hdAX :AX(h):Leb(th):/th dLeb.
R R

Definition 6.15. Consider a measure space (S, %, u). For every p € [1,00), the set LP(S, X, 1) contains exactly
each ¥-measurable function f : S — R such that p(|f|") < co. If f € LP(S, X, ), the p-norm || f||, of the function

[ is given by || f[l, = u(|f[P)"/".

Proposition 6.24. Suppose that p > 1 and p~! + ¢~! = 1. Furthermore, suppose f,g € LP(S,X, 1) and h €
L£9(S, 3, u). Holder’s inequality states that fh € £L1(S, X, ) and u(|fh]) < ||fllp/1R]lq. Minkowski’s inequality states
that [|f + gllp < [Ifll, + [lgll»-

Proof. First, note that fh € £1(S, X, u) and u(|fh]) < || fllpllkll, if and only if | f||k| € £1(S, %, ) and u(||f]|h]]) <
I1f1Ipll1R]llq- Therefore, we only need to consider the case where f and h are non-negative. In that case, if u(f?) = 0,
then 0 = p({f? > 0}) = pu({f # 0}) > u({fh # 0}) and p(fh) =0, so that Holder’s inequality is trivial.

Consider the case where f and h are non-negative and 0 < u(f?) < oo. Let P: ¥ — [0, 1] be given by

_ (A (P A p(fPla) fP ey
FAO="0 = iy g (pr)h) - (u(f”)’A) |

The function PP is a probability measure on (S, X). Clearly, P(S) =1 and P() = 0. Because (fPu) is a measure
on (S,Y), for any sequence (4,, € ¥ | n € N) such that A, N A4, =0 for n # m,

. (U ) ) _ (U] Ey () (An) 5~ () g
i p(f7) i

u(fP) u(fP)

Note that the probability measure P has density fP/u(fP) relative to p, so that dP/dy = fP/u(fP) almost
everywhere. Therefore, if v : S — R is a Y-measurable function, then v € £1(S,%,P) if and only if vf?/u(f?) €

LY(S, %, 1). In that case,
dP — — vf? ) I L
Jovar=rer=u(5) = [ i o

Consider the Y-measurable function « : S — [0, o0] given by

u(s) = f(};gfs’)*17 ?f f(s) >0,
0, if f(s)=0.

n

36



By inspecting the pointwise definition of u f?,

uf? ) _n(uf?) _ p(hf)

Blu) =# (u(fp) B

u(fr) — ulfr)
Similarly, by inspecting the pointwise definition of u?fP and using the fact that ¢(p — 1) = p,

uqu> (i) p(hilsoy)
p(fP) '

P(u?) = u < =
e WG
Suppose P(u) = oo. In that case, P(u) = P(ulf,<13) +P(ulf,>13) = co. The fact that P(ulf,<13) < P(Ifu<1y) =
P({u < 1}) < 1 implies that P(uly,>13) = co. Consequently, P(u?) > P(u?l{,>1}) > P(ulf,>13) = 0o, so that
P(u?) > P(u)?. In contrast, suppose P(u) < co. Consider the convex function ¢ : R — R given by ¢(z) = |z|9.
Jensen’s inequality also guarantees that P(u?) > P(u)?. Therefore,

p(hfp0y) _ p(hf)?
p(fP) T op(fr)e’

By multiplying both sides of the previous inequality by u(f?)?,

() AL = T o 2 "

Because () > (AL 10y).

p(Au(fP)17 > p(hf)?.

From the definition of norm and using the fact that p(¢ — 1) = ¢,
RGNS = nhf)?,

which completes the proof of Holder’s inequality.
In order to show Minkowski’s inequality, recall that |f + g| < |f| + |g|. Therefore,

[f + gl =1f +gllf + 9P <IFIFf+ 9P~ +1gllf + 9P
By integrating both sides of the previous inequality with respect to i and employing Hélder’s inequality,
u(If +9lP) < p(fFILF + g™ + pllgllf + glP=) < WFIILF + gP 7 lg + gllplILf + gP~ g
Note that ||| f + g[P~ [y = p(|lf + gP~H9)"/4 = u(|f + g[")"/9 < oo because g(p — 1) = p. Therefore,

pu(lf + 9Py < (I fllp + lgllp I f + glP) 7.

1 1

By dividing both sides of the previous inequality by u(|f 4+ g|P)'/? and using the fact that p~' =1 — ¢,

1F + gllp = p(1f + gl?)/? < 1 fllp + Nlgllp-

7 Strong law

Proposition 7.1. Consider a probability triple (2, F,P), a random variable X € £!(Q, F,P) and a random variable
Y € £LY(Q,F,P). If X and Y are independent, then XY € £}(Q,F,P) and E(XY) = E(X)E(Y).

Proof. First, suppose that X and Y are non-negative and let «, denote the n-th staircase function. For any
n € N, consider the simple function X,, = a, 0 X = EZ:’:I ar,la,,, where ay,...,a,, € [0,n] are distinct and
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Ai,..., Ay, € F partition €. Similarly, consider the simple function Y,, = a, 0Y = ZZ:’Zl bky]IBky, where
bi,..., by, € [0,n] are distinct and By, ..., B,,, € F partition Q. In that case,

_E (Z a,%uA,w) =Y anP(4y),

Y

ke=1 ke=1
T)’Ly 77Ly

E(Y,) =B | Y bls, | =D biP
ky=1 ky=1

Because X,, T X, the monotone-convergence theorem guarantees that E(X,,) 1 E(X). Similarly, because Y, 1Y,
the monotone-convergence theorem guarantees that E(Y,,) 1 E(Y). Because E(X) < oo and E(Y) < oo, we also
know that E(X,)E(Y;) T E(X)E(Y). By distributing terms and using the fact that I, Ip, =1Ia,, nB5,,

My my Mg My my
E(X,Y,) =E <Z akw]IAkm> b s, || =E D] D arbila o, | = Z > ak, b, P(Ay, N By,).
ky=1 ky=1

ko=1k,=1 ko=1ky=1

Recall that if f: R — R is a Borel function and Z : Q2 — R is a random variable, then

o(foZ)={(fo2)"(B)| BEBR)} ={Z7'(f7'(B)) | BEBR)} C{Z7'(4) | A€ B[R)} = ().

Recall that X and Y are independent if and only if P(A N B) = P(A)P(B) for every A € o(X) and B € o(Y).
Therefore, X,, and Y,, are also independent. Because Ay, = X, '({ax,}), we know that Aj, € o(X,). Because
By, =Y, ' ({by,}), we know that By, € o(Y,). Therefore,

Z Z ay, by, P(Ax, JP(By, ) = (i akxP(Akx)> Z by, P(By,) | = E(X,)E(Y,).

o=1ky=1 kp=1 ky=1

Since X,, 1+ X and Y,, 1Y imply X,,Y,, 1 XY, the monotone-convergence theorem guarantees that E(X,Y,,) 1
E(XY). Since E(X,Y,) = E(X,)E(Y,,), taking the limit when n — oo shows that E(XY) = E(X)E(Y) < oo,
which completes the proof when X and Y are non-negative.

Finally, let X = X+ — X~ where X € £}(Q, F,P) and X~ € L£}(Q, F,P) are non-negative. Analogously, let
Y =Y+ — Y. Because the absolute value function is Borel, we know that XY € £1(Q, F,P). Therefore,

EXY)=E((Xt-X")YT-Y ) =EXTY")-EXTY ) -EX Y")+EX Y").

Since X and Y are independent, each pair of variables inside an expectation above is independent. Therefore,
E(XY) =EX"E(Y") -EXEY ") - EXEQY ") +E(X)EY ) = (E(X) —EX))(EY ") -EY 7)),
which completes the proof. O

Proposition 7.2. Consider the random variables X € £2(Q, F,P) and Y € £2(Q, F,P). If X and Y are indepen-
dent, the previous result guarantees that Cov(X,Y) =0 and Var(X +Y) = Var(X) + Var(Y).

Proposition 7.3. Consider a probability triple (€2, F,P), a random variable X : Q@ — R, and the random variables
Yi,...,Y,, where n € NT. Suppose that X,Y7,...,Y, are independent. If f : R® — R is a Borel function and
Z : Q — R is a random variable given by Z(w) = f(Y1(w),...,Y,(w)), then X and Z are independent.

Proof. First, recall that a previous result establishes that Z is o({Y1,..., Y, })-measurable, so that

o(Z) Co({Yr,.... Y. ) =oc({Y; Y (B) |ic{l,...,n},BEBR)}) =0 (U U(Yi)> .

i=1

Therefore, if o(X) and o({Y1,...,Y,}) are independent, then X and Z are independent.
Consider the set Z = {N"14; | (A1,...,4,) €o(Y1) x---xo(Y,)}. f Be€Z and C € Z, then B=nN}, A4, and
C =N, A}, where A; € 0(Y;) and A} € o(Y;) for every i € {1,...,n}. Because

BNC = (ﬁAi> (OA’) ﬁAﬂAi)
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and (4; N A}) € o(Y;) for every i € {1,...,n}, we know that (BN C) € Z. Therefore, Z is a m-system on 2.
Let J = o(X) and note that 7 is also a m-system on Q. Consider a set (N_;A;) € Z, where A; € o(Y;) for
every i € {1,...,n}, and a set B € J. Since X,Y7,...,Y,, are independent,

P(QﬁAQmB>:(igm%op@nsziAgpw%

which implies that Z and J are independent. Because o(Z) and o(J) are then independent from a previous result
and o(J) = o(X), the proof will be complete if o(Z) = o({Y1,...,Yn}), which we will now show.

Note that Q € o(Y;) for every i € {1,...,n}, which implies o(Y;) C Z for every i € {1,...,n}. Therefore,
U 1o(Y;) CZ and o(Uy0(V3)) = o({Y1,...,Ys}) Co(Z).

Consider a set (Nj_;4;) € Z, where A; € o(Y;) for every i € {1,...,n}. Clearly, A; € U}_;0(Y;). Because
o(Ui_,0(Y;)) = o({Y1,...,Y,}) is a o-algebra, we know that (N7_;A;) € o({Y1,...,Y,}), which implies T C
oc({Y1,...,Y,}) and 0(Z) Co({Y1,...,Yn}).

O

Theorem 7.1 (Strong law of large numbers for a finite fourth moment). Consider a probability triple (2, F,P)
and a sequence of independent random variables (X; : @ — R | k € NT). Furthermore, suppose E(X;) = 0 and
E(X}}) < K for some K € [0,00), for every k € NT. In that case,

N
P(JLH;MZXk —O> -t

k=1

Proof. Consider the random variable 5,, = Zzzl X}. From the multinomial theorem,

4
- 4! e
ﬁ:(;xgzz I d

(K1, ken )™

where Iﬁ”’ ={(k1,...,kn) | ks €{0,...,p} for every i € {1,...,n} and >, k; = p}. By the linearity of expectation,

ESp) = Y. ﬁﬂi (H thw) .

(k.okn)EIS™ t=1

From the restrictions imposed on (k1,...,k,) € Iin), the expectation E (H:Zl tht) can be written as either
E(X}), E(X?X;), B(X7X7), BE(X?X;X}), or E(X;X; X}, X)), where i,j,k,1 € {1,...,n} are distinct indices.

Consider the expectation E(XJX i) Because X; and X; are independent, X3 and X ; are independent. By the
monotonicity of the norm, X? € £1(Q, F,P) and X; € £!(Q2, F,P). Therefore, E(X}X;) = E(X})E(X;) = 0.

Consider the expectation E(X?X;Xj). Because X2, X, X}, are independent, X2 X; and Xy, are independent. By
the monotonicity of the norm, X? € £'(Q, F,P), X; € £LY(Q, F,P), and Xy, € £L(Q, F,P). Due to independence,
X2X; € LY(Q,F,P). Therefore, E(X?X; X)) = E(X2X;)E(Xs) = 0.

Consider the expectation E(X;X;X;X;). Because X;, X;, Xj, X; are independent, X;X; X, and X; are in-
dependent. By the monotonicity of the norm, X;, X;, Xy, X; € L1(Q,F,P). Because X; and X; are inde-
pendent, X;X; € LY(Q,F,P). Because X;X; and X are independent, X;X;X) € L£'(Q,F,P). Therefore,
E(X:X;X: X)) = E(X; X; X)) E(X;) = 0.

These observations allow rewriting the expectation E(S2) as

n n—1 n
E(Sp)=> EX})+6> Y E(XX}).
i=1 i=1 j=i+1

For every k € N, recall that || X||2 = E(X?)'/? < E(X])Y/* = || Xy||4. Therefore, E(X?) < E(X})Y/? < K'/2,
For every i # j, X? and X Jz are independent and X?, X J2 € L1(Q, F,P) by the monotonicity of the norm. Therefore,

7

E(X?X?) = E(X7)E(X]) <E(X)'E(X))/? < K.
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Consequently,

n n—1 n
E(S)) <Y K+6Y > K=nK+3n(n-1)K =K(3n*-2n) < 3Kn®.

i=1 i=1 j=i+1

Because E(S%/n*) < 3K/n? for every n € N*t,
k k
g |
Y E <n4 <KDY
n=1 n=1
Because the summation on the right of the inequality above converges to a real number when k& — oo,
54
§:E(g)<m.
n
n
Since S2/n? is a non-negative random variable for every n € NT, a previous result guarantees that

S Sy I
P( lim —4:0 =P lm —=0)=P hmfg X,=0] =1
n—oo N n—oo N n—oo N

k=1
O

Proposition 7.4. Consider a probability triple (2, F,P) and a sequence of independent random variables (X :
Q — R | k € NT). Furthermore, suppose E(X},) = p and E(X}!) < K for some p € R and K € [0, 00), for every
k € NT. As a corollary, the strong law of large numbers for a finite fourth moment guarantees that

1y
P(nlgrgon;Xk—u> =1.

Proof. For every k € Nt let Y}, = X3 — pu. By the monotonicity of the norm, X3 € £1(Q, F,P), so that E(Y},) =
E(Xy) — p = 0. Furthermore, (Y : Q@ — R | k € NT) is a sequence of independent random variables, since
o(Yx) C 0(Xy). Using Minkowski’s inequality and the fact that X, € £*(Q, F,P),
00 > [|Xklla + |pl = 1Xklla + | = plalla = [[ Xk — plalla = 1 Xk — plla = [[Yilla-
Therefore, E(Y}}) < K’ for some K’ € [0,00). Using the strong law of large numbers for a finite fourth moment,
P li 1nY—0—IE” li 1nX— =1
i DD Vie=0) =P lim 0> Xi=p )=
k=1 k=1
O
Proposition 7.5 (Chebyshev’s inequality). Consider a random variable X € £2(Q, F,P) and let u = E(X). For
c>0,
Var(X) = B(X - pf2) > *P(X - il > o),
which is a consequence of Markov’s inequality.

Example 7.1. Consider the probability triple (£, F,P) and a sequence of independent and identically distributed
random variables (Xj : @ — {0,1} | k € N*). Let p = E(Xy) = E(I{x,=1}) = P(Xx = 1). Since X} = X,
Xy € L2(Q, F,P) and Var(Xy) = E(X?) — E(X)? = p — p?, so that Var(X}) < 1/4.

Let S, =Y _; Xk. so that E(S,) = >, _; E(Xx) = np. Due to independence,

Var (S,,) = Var X | = Var(X) = —p’=n )<
(Sn) <;k>kz_l (Xe)=>_ p—p (p=p7) <7

k=1

For any Y € L%(Q, F,P) and a € R, Var(aY) = E((aY)?) — E(aY)? = a®’E(Y?) — a’E(Y)? = a® Var(Y).
Therefore, E(S,,/n) = p and Var(S, /n) < 1/4n. Using Chebyshev’s inequality, for any § > 0,

1 — 1
= —pl>6) < .
f(|(5) +|22) < o
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8 Product measure

Consider a measurable space (S1,%1) and a measurable space (S2,¥s). Let S = 51 x Ss.

Proposition 8.1. Consider the functions p; : S — Sy and py : S — Sy given by p1(s1,s2) = s1 and pa(s1, s2) = sa.
For By, € ¥1 and By € Y, let

p1 (B1) = {(s1,52) € S| p1(s1,82) € B1} = {(s1,52) € S| s1 € B1} = By x Sy,
p51<Bg) = {(81752) es | pQ(Sl,Sg) S B2} = {(81,82) es | So € BQ} =57 X Bs.
For i € {1,2}, let A; = {p; ' (B;) | B; € £;}. In that case, A; is a o-algebra on S.

Proof. First, note that pi_l(Si) = S and S; € ¥;. Therefore, S € A;. Consider an element pi_l(Bi) e A;.
Note that Bf € ¥; and p; *(B§) = p; '(B;)°. Therefore, p; *(B;)° € A;. Finally, consider a sequence of sets
(p;l(BZJ) S AZ | ] € N) Note that UjBi,j € El and p;l(UjBi’j) = Ujp;l(Biyj). Therefore, Ujp;l(Bi,j) € AZ O

Definition 8.1. Considering the previous result, let o(p1) and o(p2) denote the o-algebras on S given by
o(pr) = AL ={p; (B1) | B € 1} = {B1 x 83 | By € 31},
o(p2) = As = {p;'(B2) | Bz € 2} = {S1 x By | By € 5p}.

Definition 8.2. The product ¥ between the o-algebras ¥; and ¥, is a g-algebra on S denoted by ¥; X ¥y but
defined by

Y =31 x Xy =0({p1,p2}) = o(a(p1) Ua(p2)),
which should not be confused with the Cartesian product between 3; and Xs.
Proposition 8.2. If ¥ =3%; x ¥y and Z = {B; X By | By € ¥£; and Bs € X5}, then 0(Z) = X.
Proof. For any By € 31 and Bs € Y5, note that
B; X By = (B1NS1) X (S2 N By) = (B1 x S3) N (S x Ba).

Suppose By X By € 7 and B x B € Z. In that case, (By x By) N (B} x B}) = (B1 N B}) x (B2 N B}). Because
(B1NBY) € X1 and (By N BY) € %5, this implies that Z is a m-system on S.

For any B; x By € Z, we know that By x By € X because (By x S2) € o(p1) and (S1 X Bs) € o(p1). Since X
is a o-algebra, o(Z) C X. For any By € ¥; and By € 3o, we know that By x S € Z and S; x By € Z. Therefore,
o(p1)Ua(p2) CZ. Because o(Z) is a o-algebra, ¥ C o(Z). O

Proposition 8.3. Let Z; be a set of subsets of Sy such that Sy € Zp and o(Zp) = Xo. If ¥ = 31 x ¥y and
1= {Bl X By | By € ¥ and By € 12}7 then O'(I) =2.

Proof. For every By € ¥y, let Sp, = {Bs € X | By x By € o(Z)}. For every By € ¥; and By € I, note that
By x By € 0(Z), so that 7, C Sp,. Suppose that Sp, is a g-algebra on S for every By € ¥, which we will show
soon. In that case, X5 = 0(Z3) C Sp,, so that Sp, = Xg for every By € ¥;. In other words, By X By € o(Z) for
every By € ¥1 and Bs € Xo. Our previous result then implies that X C o(Z), so that o(Z) = X.

For every By € X1, the following shows that Sp, is a o-algebra on Ss:

e By X Sy € 0(T), since Sy € To.
o If By € ¥5 and (B; X Bz) € o(Z), then (By x BS) € o(Z), since

Bl X Bg = Bl X (52 \Bg) = (Bl X SQ) \ (Bl X Bg) = (Bl X SQ) N (Bl X BQ)C.
o If (B;,, € X2 | n €N) is a sequence and By X By, € 0(Z) for every n € N, then By x U, By, € 0(Z), since

By x| JBam =] (B1 x Ban).
n

n
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Proposition 8.4. Consider a measurable space (S1,%;) and a measurable space (Sz,%3). Furthermore, consider
the measurable space (S,%), where S = 57 x Sy and ¥ = ¥; x ¥5. Let H denote a set that contains exactly
each bounded X-measurable function f : .S — R for which there is a ¥s-measurable function fs, : S2 — R and a
¥;-measurable function fs, : S; — R such that f(s1,s2) = fs;(s2) = fs,(s1) for every s; € S7 and s3 € S5. In that
case, H contains every bounded ¥-measurable function on S, so that H = b3.

Proof. Note that the set of bounded ¥-measurable functions bY is a vector space over the field R when scalar
multiplication and addition are performed pointwise, Because H C b, showing that H is a vector space only
requires showing that H is non-empty and closed under scalar multiplication and addition. For every s; € S; and
s9 € S, let f =1g, fs, = Is,, and fs, = Lg,, so that that Ig(s1,s2) = Is,(s2) = Ig,(s1) = 1. Clearly, f € H.
Now suppose f € H and a € R. Note that af € bX. For every s; € 51 and sz € Sy, also note that afs, is
Yo-measurable, afs, is Xj-measurable, and (af)(s1,s2) = (afs,)(s2) = (afs,)(s1). Therefore, af € H. Finally,
suppose that g, h € H. Note that g+ h € bX. For every s; € S; and sg € Sy, note that gs, + hs, is Yo-measurable,
gs, + hs, is X1-measurable, and (g + h)(s1,52) = (gs; + hs, )(82) = (gs, + hs,)(s1). Therefore, g + h € H.

Suppose (fn, € H | n € N) is a sequence of non-negative functions in H such that f,, 1 f, where f : S — [0, 00) is
a bounded function. Note that f € bX, since f is the limit of a sequence of (bounded) X-measurable functions. For
every s; € S1 and sy € Sy, note that fs, = lim, o fn,s, Is Xo-measurable, f,, = lim, o fr s, is X1-measurable,
and f(s1,82) = fs,(s2) = fs,(s1). Therefore, f € H.

Consider the m-system Z = {B; X By | By € ¥ and By € X3} and the indicator function f = Ip, «xp, of a set
By x By € Z. Note that f is a bounded ¥-measurable function, since By x By € X. For every s; € S; and so € So,
note that fs, = Ip, (s1)lp, is Xa-measurable, fs, = Ip,(s2)lp, is Xi-measurable, and f(s1, $2) = fs, (52) = fs,(51).
Therefore, f € H. Since o(Z) = X, the monotone-class theorem completes the proof.

O

Proposition 8.5. Consider a measure space (S1, 21, pt1), a measure space (Sa, Yo, o), and the measurable space
(S,%), where S =57 x Sy and ¥ = X7 X ¥y. Furthermore, suppose 11 and po are finite measures.
For any bounded Y-measurable function f : S — R, let I{ :S1 = Rand Ig : S5 — R be given by

I (s1) = | F(susadua(dse) = | for(s2)pa(dse) = pa(Fer),

f52: S1,82)H1(As1) = so(S1)pu1lasy) = pi(Jss )y
1 (s) /Slf( Jiua(ds1) /Slf()u(d) 11(fen)

where f, : So — R is a Yo-measurable function, fs, : S1 — R is a ¥Xj;-measurable function, and f(s1,s2) =
fs1(82) = fs,(s1), for every s; € S; and sy € So. Note that us(|fs,|) < co because us is finite and |fs,| € bXs.
Similarly, 1 (|fs,|) < 0o because pq is finite and |fs,| € b¥;. Therefore, I and IJ are bounded.

Let H denote a set that contains exactly each function f € bX such that I{ € bX; and Ig € bX, and

i (1) = /S I (1) (dsy) = /S I (s2)pn(dsz) = ia(I]).

In that case, H contains every bounded Y-measurable function on S, so that H = bX.

Proof. Because H C bX., showing that H is a vector space only requires showing that H is non-empty and closed
under scalar multiplication and addition. For every s; € S; and so € So, let f =1g, fs, = Is,, and fs, = Ig,, so
that I{(sl) = pa(Is,) = p2(S2)Is, (s1) and I{(sz) = p1(Isy) = p1(51)Is, (s2). Because Sy € £y, we have I{ € b¥;.
Similarly, because Sy € Y5, we have I{ € bXs. In that case, f € H, since

pr(t]) = [ a(Sls, (s0)a(dsr) = (Su)ma(Sa) = [ (1)1 ()l ds) = a1
S1 Sa
Now suppose that f € H and a € R. Note that af € bX. For every s; € S; and sy € S, note that
I (s1) = pa(afs,) = apa(fs,) = ali (s1) and 157 (s2) = p(afs,) = api(fs,) = alf(s2). Clearly, I/ € b¥; and
Igf € b¥y. Therefore, af € H, since the fact that ul(I{) = pg([éc) implies

in(17) = [ atf (su)pn(ass) = (1) = ana(tf) = | at (s2hualds) = na(is).
S Sa
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Finally, suppose that g, h € H. Note that g + h € bX. For every s; € S1 and sg € Sy, note that Ilg+h(sl)

pa(gs Hhs,) = pa(gs )+ pa(hs,) = I (s1)+11 (s1) and I (s2) = p1(gsa+hss) = 11(9sa)Fpa (hy) = I3 (52)+13 (52).
Clearly, IY™" € b¥; and I§*" € bX,. Therefore, g + h € H, since uy (I¥) = po(I19) and iy (I}) = pao(12) imply

/S [19(s1) + I (s1)] poa(ds1) = joa (I9) + pia (1) = pa(I19) + pa(I) = /S [19(55) + I8(52)] pa(ds:).

Suppose (f, € H | n € N) is a sequence of non-negative functions in H such that f,, 1 f, where f : .S — [0, 00)
is a bounded function. Note that f € bX, since f is the limit of a sequence of (bounded) X-measurable functions.
For every s; € S; and sy € Sy, note that f,, 5, T fs; and fi, 5, T fs,, so that the monotone-convergence theorem

implies that po(fn,s,) T 12(fs,) and w1 (fns,) T 11(fs,). Therefore,
I'lf(sl) = p2(fs,) = nli_{r;oMZ(fn,a) = nh_)ngojlfn(‘sl%
f(s3) = (fs) = lim 1 (fr,s,) = lim " (52).
n oo n—oo

Because I{ is the limit of (bounded) ¥;-measurable functions, I{ € bX;. Similarly, because sz is the limit of
(bounded) ¥s-measurable functions, Ig € bX,. Furthermore, I{" T I{ and 15“" T Ig , since f,+1 > f, implies

1 (s1) = po(fat1e1) = pa(frsy) = I (51),
I (52) = i (fatrsn) = 101 (Frs) = 137 (52).

Therefore, f € H, since the monotone-convergence theorem implies that
pr(I) = lim gy (I{") = lim po(17) = pa(I).
n—oo n—oo

Consider the m-system Z = {B; X By | By € ¥ and By € Yo} and the indicator function f = Ip,xp, of a
set By X By € Z. Note that f is a bounded Y-measurable function, since B; X By € X. For every s; € S; and
S9 € Sg, note that I{(Sl) = /.tg(]lBl (Sl)HBz) = HB1 (81)/,62(32) and 15(82) = U1 (]IBQ (82)1[31) = I[Bz (82)/.1,1(31) Clearly,
I} €b%, and I € bS,. Therefore, f € #, since

() = pr (p2(Ba)lp,) = 1 (B1)pz(Ba) = po (11 (B1)lg,) = pa(13).

Because o(Z) = X, the monotone-class theorem completes the proof.
O

Consider a measure space (57,21, 41), a measure space (Sa,Xo, o), and the measurable space (S,Y), where
S =51 xSy and ¥ = ¥y x ¥g. Furthermore, suppose i1 and ps are finite measures.

Definition 8.3. For any F € %, define u(F) by
W) = (1) = [ L sm(asn) = [ 1 (sohaldsa) = el I3,
Sl 52
The function u is called the product measure of 1 and ps and denoted by p = 1 X uo.

Proposition 8.6. The function u = p1 X pg is the unique measure on (S, ¥) such that p(By x Ba) = u1(B1)p2(Bs2)
for every By € X1 and By € X,.

Proof. Consider the m-system Z = {By x Ba | By € ¥; and By € 35}, the indicator function f = Ip, x5, of a set
By X By € T, and recall that i (I) = p1(B1)pa(Bs) = pa(1]). Therefore, pu(0) = 11 (0)p2(0) = 0.

Consider a sequence (F,, € X | n € N) such that F,, N F,,, = () for n # m. Furthermore, consider the sequence of
non-negative (bounded) X-measurable functions (f,, : S — {0,1} | n € N) given by

fo=lup_ 5 = > In,.
k=0
Let f =1y, r, so that f, T f. Because f is a bounded function,

I (UFk> = m (1) :T}E&MU{") = lim pz(l3") = o ().
k
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By the linearity of the integral with respect to g,

- I
If" (51) Z]IFk (81,82)p2(dsz2) Z/ I, (s1,52)p2(ds2) ZI T (
k=052

S2 =0

By the linearity of the integral with respect to u,

f'n —
<UFk> = hIroloul (I = lim 1 (s1)p(ds1) = }LIEOZ/ (s1)p(ds1) = zk:N(Fk),

Slk-o

which completes the proof that u is a measure on (9, ). The measure 4 is also finite since p1(S1x.S2) = 11(S1) 2(S2).
Notably, p is the unique measure on (5,X) such that u(B; x By) = pi(B1)u2(Bs) for every By € ¥; and

By € 3, since T is a w-system on S such that ¢(Z) = ¥ and p is a finite measure on (S, X).
O

Proposition 8.7. If f : S — R is a bounded X-measurable function, then
u(p) =mf) = [ tlutas) = [ Bl = m()
1 2

Proof. Let # denote a set that contains exactly each function f € b¥ such that u(f) = pi (I{) = pa(I).

Consider the m-system Z = {B; x By | By € ¥; and By € 3s}. Suppose that f = Ip,«p, is the indicator
function of a set By x By € Z. In that case, pu(f) = p(By x B2) = ul(I{) = ﬂQ(Iéf), so that f € H. In particular,
I € H, since Sy x Sy € T.

Because H C bY and H is non-empty, showing that # is a vector space only requires showing that H is closed
under scalar multiplication and addition.

Suppose that f € H and a € R. Note that af € bY and af € L1(S, %, 1), so that p(af) = au(f). Because
f €™, we have p(af) = p1(ali) = (I and p(af) = pa(all) = pa(I57), so that af € H.

Now suppose that g,h € H. Note that g +h € bX and g + h € L1(S, 3, u), so that u(g + h) = p(g) + p(h).
Because g,h € H, we have u(g 4+ h) = py(IY + I1) = i (I9™") and p(g + h) = po(Id 4 1) = pa(I3™), so that
g+heH.

Finally, suppose (f, € H | n € N) is a sequence of non-negative functions in H such that f, 1 f, where
f:8—0,00) is a bounded function. By the monotone-convergence theorem, u(f,) 1 p(f). Since f, € H,

u(f) = lim p(fo) = lim p (1) = lim pa(13") = (1) = pa(13),

n—oo

which implies f € H. Because o(Z) = 3, the monotone-class theorem completes the proof.

Proposition 8.8. If f: S — [0,00] is a ¥-measurable function, then
wf)=mI) = | Hs)mds) = | H(s2)pa(dss) = pa(19)
1 o 1 (s1)p1{asy ; 2 (82)u2(ds2 Halls ),
1 2
where the ¥j-measurable function I{ : S — [0, 00] and the ¥-measurable function I : S5 — [0, 00] are given by

(s1) = | F(susaua(dse) = | foi(s2)pa(dse) = pa(fer),

If(s2) = ; f(s1,82)p1(ds1) = : fso(s1)pa(ds1) = pa(fs,),

where fs, : S3 = [0, 00] is a ¥p-measurable function, fs, : S1 — [0, 00] is a ¥1-measurable function, and f(s1,$2) =
fs1(82) = fs,(s1), for every s; € Sy and sg € Ss.

Proof. For any n € N, let f,, = o, o f, where «, is the n-th staircase function. Because f, : S — [0,n] is bounded
and Y-measurable, there is a bounded Yo-measurable function f, s, : S2 — [0,n] and a bounded X;-measurable
function f,, s, : S1 — [0,n] such that f,(s1,52) = fn.s,(S2) = fn,s,(s1) for every s; € Sy and sy € So. Since f,, 1 f,
consider the Yp-measurable function fs, = lim,_,oc fn,s; and the ¥;-measurable function f,, = lim,, o fr,s,. Note

that f(s1,82) = fs,(s2) = fs,(81).
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For every s; € S; and sp € Sy, note that f, 5, T fs, and fi, 5, T fs,, so that the monotone-convergence theorem
implies that MQ(fn,Sl) T NQ(fSl) and Ml(fn,SQ) T ﬂl(fm)‘ Therefore,

I (s1) = p2(fo) = Hm ps(fs,) = lim If"(s1),
I (s2) = mu(fse) = Hm pa(fns,) = lim I (so).
Since f,, € bX, recall that I{" € b¥; and I{" € bY,. Because If is the limit of ¥;-measurable functions,
I{ € mY;. Similarly, because Ig is the limit of ¥y-measurable functions, Ig € mYy. Furthermore, I{" T I{c and
Ig" 0 Ig, since fpy1 > fn implies
12 (1) = pio(favren) 2 pa(f) = 1 (51),
137 (52) = 1(frsr,0) = i1 (fa) = 17 (52).

Because f,, 1 f, the monotone-convergence theorem implies that u(f,) T u(f). Because I { o I{ and IQf" T I{ ,
)

)
the monotone-convergence theorem implies that ul(I{") 0 ul(I{) and ,U,Q(Ian 0 ,uQ(If) Because f, € bY,

u(f) = lim p(fa) = lim (") = (lf) = lim po(13") = po(13).
O

Consider the measure spaces (51,21, 1) and (S2, Xo, uo) and suppose that pq and po are finite measures. Let
(5,2, 1) = (S1, %1, p1) X (S2, Xa, o) denote the measure space where S = S7 x So, ¥ = %1 x Yo, and g = py X po.

Theorem 8.1 (Fubini’s theorem). Consider a function f € £1(S, %, 1), and recall that f = f* — f~ and |f| =
ft+f", where f*:S —[0,00] and f~ : S — [0, 00] are non-negative Y-measurable functions. Therefore, for every
s1 € 571 and s9 € SQ,

f(s1,82) = fH(s1,82) — [ (s1,82) = [ (s2) = fo, (s2) = [ (s1) — fo, (51),
|f(s1,82)] = fH(s1,82) + f7 (s1,82) = [ (s2) + fo, (s2) = [ (s1) + [y, (s1),

where f : Sy —[0,00] and f; : So — [0, 00] are non-negative Xp-measurable functions and fJf : Sy — [0, 00] and
fs, © 51 — [0, 00] are non-negative ¥;-measurable functions.

For every s; € S; and sy € So, let fs, = S't — fo, and fq, = f:; — fo,» s0 that f(s1,s2) = fs,(52) = fs,(51).
Note that f, is Yo-measurable and fs, is ¥i-measurable. Furthermore, |fs, | = fi + f;, and |fs,| = f& + fo,

Finally, let F = {s1 € S1 | pa(|fs,|) < 00} and Ff = {sy € Sy | p1(|fs,]) < 00}. In that case,
u(h) =il = [ Hsoms) = [ H(salas) = mf: F)
1 2

where I{ 251 — R and Ig : S92 = R are given by

Hs) = [ Fsrso)ua(dss) = / for (s2)aa(ds2) = pa(fur).
Sa

Sa

15(32) = ; f(s1,82)p1(dsy) = o Joo(81)p1(ds1) = pa(fs,),

for every s; € Flf and s € FQf
Proof. Because |f|: S — [0,00] is a non-negative X-measurable function such that u(]f|) < oo,
+
u(lfl) = m (') = @ ) = uf +1{) < oo,
+
ullf) = w8 = po (B ) = ot +1f7) < o0
For every s; € S, note that If (s1) + I (s1) = pa(f3 5+ p2(fs)) = p2(|fs,]). Because ,ul(lf+ +1) < o,

we know that p1(S; \ FY) = p({s1 € 81 | pa(|fs,]) = o0}) = 0. Similarly, for every s, € S, note that
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+ - + -
I (s2) + I (s2) = ma( &)+ u(fs,) = p(|fs,|). Because pa(Ii" + I ) < oo, we know that us(Sy \ FJ) =
ua({s2 € Sa | p1(|fs,]) = 0o}) = 0. Therefore, by the linearity of the integral,

() = n(F ) = () = ) = () = () = i (1 Tps) = (" = 1)) = (1 FY),
() = n(F ) = () = () = oI ) = (I Tpy) = oI Tpp) = (I — I Vg) = o (14 F).
O
Proposition 8.9. Fubini’s theorem is also valid when pq and po are o-finite measures.

Proposition 8.10. Consider the measure space (S, %, ) = (Q, F,P) x ([0, 00), B([0, 00)), Leb), where (Q, F,P) is
a probability triple. Furthermore, consider a random variable X : Q — [0, 00]. In that case,

E(X) = /[0 PO 2 ) Leb().

Proof. First, let A = {(w,z) € S | 2 < X(w)} and f(w,z) = z — X(w) = p2(w,x) — X(p1(w,x)). Because f is
Y-measurable and f~!((—o00,0]) = A, we know that A € . For every (w, ) € S, note that

La(w, ) = Lvealr<x ()} (@) = Lze,c0)le<x (@)} (2)-
Because 14 is a bounded ¥-measurable function,

I1*(w) = Leb({z € [0,00) | z < X (w)}
LA(z) =P{we Q| z < X(w)}) =P(X > z).

]
ha
&

By the definition of the product measure u,

w(A) =P(I}*) = E(X) = Leb(I,*) = / P(X > z)Leb(dz).
[0,00)

O

Definition 8.4. Let C denote the set of open subsets of R%2. The Borel o-algebra B(R?) on R? is defined as
B(R?) = o(C).

Proposition 8.11. Let B(R)? = B(R) x B(R) denote the product between the Borel o-algebra B(R) on R and
itself. In that case, B(R?) = B(R)>.

Proof. Because the functions p; : R?> — R and py : R? — R given by pi(2,y) = x and pa(x,y) = y for every
(z,y) € R? are continuous, recall that p;'(A) € C and p, '(A) € C for every open set A C R, so that a previous
result guarantees that p; and ps are B(R?)-measurable. Therefore, o(p1) U a(p2) C B(R?). Because B(R)? =
o(o(p1) Uo(p2)), we know that B(R)? C B(R?).

Recall that every open subset C' C R? can be written as C' = U, (ay, by) X (cp,dy), where a, < b, and ¢, < d,
for every n € N. Because B(R) contains every open interval and B(R)? = o({B; x By | B1, B2 € B(R)}), we know
that C C B(R)?, so that B(R?) C B(R?). Therefore, B(R?) = B(R)?.

0

Proposition 8.12. The set Z = {(—o00,z] X (—00,9] | #,y € R} is a m-system on R? such that o(Z) = B(R)?.
Proof. Let A1 = (—o00,x1] X (—o0,y1] and As = (—00, 23] X (—00, y2] be elements of Z. In that case,
A1 N Ay = ((—00,21] N (=00, 22]) x ((—00, y1] N (=00, y2]) = (—00, min(z1, z2)] x (—o0, min(y1, y2)],

so that A1 N Ay € Z. Therefore, 7 is a m-system.

Because (—o0,z] € B(R) and (—o0,y] € B(R) for every z,y € R and B(R)? = o({B1 x B2 | By, B2 € B(R)}),
we know that Z C B(R)?, so that o(Z) C B(R)2.

Note that (a,b] x (¢,d] € o(Z) for every a < b and ¢ < d, since

(@, b] x (¢, d] = ((—00,b] x (=00, d]) N (((—00,b] x (=00, c]) U ((—00,a] x (—o0,d]))".
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Also note that (a,b) x (¢,d] € o(Z) for every a < b and ¢ < d, since

(a,b) X (¢,d] = ( U (a,b— eln_1}> x (e,d] = U (a,b—en™ x (e, d,
neNt neN+t
where ¢; = (b—a)/2.
Finally, note that (a,b) x (¢,d) € o(Z) for every a < b and ¢ < d, since

(a,0) x (c,;d) = (a,b) x | J (c,d—ean™]= | (a,b) x (c,d — ean™"],
neNt neNt
where e5 = (d — ¢)/2.
Because every open set C' € C can be written as C = U,,(an, b,) X (cn,dy,), where a,, < b, and ¢,, < d,, for every
n € N, we know that C C o(Z). Since o(C) = B(R?) = B(R)?, we know that B(R)? C o(Z).
O

Proposition 8.13. Consider a probability triple (€2, F,P) and the random variables X : @ > Rand Y : Q@ — R.
Let Z : Q — R? be given by Z(w) = (X (w), Y (w)). The function Z is F/B(R)?* measurable.

Note that X = p1 oZ

N(B) =27 (py ' (B))

Proof. Let p; : R> — R be given by pi(z,y) =  and ps : R> — R be given by p2(z,y) =

and Y = py 0 Z, so that X~ Y(B) = (p1 0 Z) " (B) = Z ' (p; *(B)) and Y~1(B) = (p2 0 Z)~

for every B € B(R). Because X and Y are F-measurable, Z~1(C) € F for every C € (c(p1) Uo(p2)).
Note that & = {T' € B(R)? | Z71(T') € F} is a o-algebra on R2. Because (c(p1)Uc(p2)) C B(R)?2, we know that

a(a(p1) Ua(p2)) = B(R)? C &, so that & = B(R)2. Therefore, Z is F/B(R)?*measurable. O

Y.
Z
o(p1

Definition 8.5. Consider a probability triple (2, F,P) and the random variables X : @ - R and Y : Q — R. For
any I' € B(R)?, the joint law Lx y : B(R)? — [0,1] of X and Y is defined by

Lxy([)=PHwe| (X(w),Y(w)) eT}) =P(X,Y)el).
Proposition 8.14. The function Lx,y defined above is a probability measure on (R?, B(R)?).

Proof. Clearly, Lxy(R?) =P(Q) =1 and Lx y(0) = P(#) = 0. Furthermore, for any sequence of sets (I',, € B(R)? |
n € N) such that T';, N T,,, = 0 for n # m,

Lxy (Urn> =P ({w €| (X(w),Y(w))e Urn}> =P (U{w €| (X(w),Y(w) el }) Zﬁxy

n

Definition 8.6. The joint distribution Fyy : R? — [0,1] of X and Y is defined by
Fxy(z,y) =P{we Q| X(w)<zand Y(w) <y}) =P(X <z,Y <y) =Lxy((—00,x] X (—00,9]).

Proposition 8.15. Because the m-system Z = {(—o0, z] X (—00,y] | z,y € R} generates B(R)?, the joint law Lx y of
X and Y is the unique measure on the measurable space (R?, B(R)?) such that Lx y ((—o0, 2] x(—00,y]) = Fx y(z,v)
for every (z,y) € R?. Therefore, the joint distribution F y completely determines the joint law Lx y-.

Definition 8.7. Consider a probability triple (Q, F,P) and the random variables X : @ - Rand Y : Q@ — R.
Consider also the measure space (R?, B(R)?,Leb?) = (R, B(R), Leb)2. The random variables X and Y have a joint
probability density function fxy if fx,y : R? — [0, 00] is a B(R)?-measurable function such that the joint law Lx y
is given by

Lxy(T) = / fx.v(2) Leb?(dz) = / Ir(2) fx.v (=) Leb?(dx).

R2

In that case, the joint law Lx y has density fx y relative to Leb?, which is denoted by dlx vy /d Leb? = fxy
almost everywhere. Furthermore, because Ir fx y is a non-negative B(R)?-measurable function,

Lxr @) = [ | [ttt tetan)| Lovtan) = [ | [ 06,0 (o) Lebtao)| Leban),
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Proposition 8.16. Consider a probability triple (2, F,P) and the random variables X : @ > Rand Y : Q@ — R.
Note that

Lx(B)=P(X~'(B)) =P({w e 2| X(w) € B}) =P({w € 2| (X(w),Y(w)) € (B xR)}) = Lxy(B x R),
Ly(B)=P(Y'(B)) =P({w € Q| Y(w) € B}) =P({w € Q| (X(w),Y(w)) € (Rx B)}) = Lxy (R x B),

for every B € B(R), where Lx is the law of X and Ly is the law of Y. Therefore,
£x(B) = [ | [ tnate.n) oo Lebta) | Leban) = [ | [ ta() e, ) Lebla) | Lebiao)
£r(8) = [ | [ Beenet o Lebtan)| Lebiay) = [ | [ 1) (2,90 Leblao)| Leb(an)

for every B € B(R). By the linearity of the integral with respect to Leb,
Lx(B) = /R]Ig(x) [/R fxvy(z,y) Leb(dy)} Leb(dz) = /RHB(x)fX(x) Leb(dx) = /B fx(z) Leb(dz),
£r(8) = [ 1006) | [ Frto) Lob(a) | Lebta) = [ 1a(u) ) Lebian) = [ fy () Leblay)

where fx : R — [0,00] and fy : R — [0, 00] are Borel functions given by
(@) = [ Frv () Leb(ay),
R

fr(y) = / fxv (2, y) Leb(dz).

By definition, fx is a probability density function for X and fy is a probability density function for Y.

Proposition 8.17. Consider a probability triple (€2, F,P) and the random variables X : @ - Rand Y : Q@ — R.
Let Lx y denote the joint law of X and Y, Lx denote the law of X, Ly denote the law of YV, Fix y denote the
joint distribution function of X and Y, Fx denote the distribution function of X, and Fy denote the distribution
function of Y. The following are equivalent: X and Y are independent; Lxy = Lx X Ly; and Fxy = FxFy.

Proof. Suppose X and Y are independent. In that case, for every By, By € B(R),
Lxy(By x By) =P({we€ Q| (X(w),Y(w)) € (By x Ba)}) =P(X (B1)NY 1 (By)) = Lx(B1)Ly(Ba).

Because Lx X Ly is the unique measure on (R?, B(R)?) such that (Lx x Ly)(B1 x B2) = Lx(B1)Ly (Bz) for
every By, By € B(R) and Lx y is a measure on (R?, B(R)?), we know that Lxy = Lx x Ly.
Suppose Lxy = Lx x Ly. In that case, for every z,y € R,

Fxy(x,y) = (L£x x Ly)((—00, 2] x (=00,y]) = Lx ((=00,2]) Ly ((—00,y]) = Fx () Fy (y)-
Finally, suppose that Fx y = FxFy. In that case, for every =,y € R,
PX <2,V <y) = Fxy(z,y) = Fx(2)Fy (y) = P(X <2)P(Y <y),
so that a previous result implies that X and Y are independent, which completes the proof. O

Proposition 8.18. Consider a probability triple (€2, F,P) and the random variables X : @ > Rand Y : Q@ — R.
Suppose fx y is a joint probability density function for X and Y, fx is a probability density function for X, and
fy is a probability density function for Y. Furthermore, let F = {(z,y) € R? | fx(2)fy(y) # fx.v(z,y)}. In that
case, Leb?(F) = 0 if and only if X and Y are independent random variables.

Proof. Suppose Leb®(F) = 0. For every I' € B(R)?, let Fr = {2z € R? | Ir(2) fx (p1(2)) fy (p2(2)) # Ir(2) fxv (2)},
so that Fr C I. Because Fr C Fg2 = F, we know that Leb? (FT) = 0. Therefore, because Ir(fx o p1)(fy o p2) and
Irfx,y are non-negative B(R)?-measurable functions,

Lxy () = [ Ty (L) = [ To(a)fcloa () () Leb ().

48



For every By, Bs € B(R), since Ir(fx o p1)(fy © p2) is a non-negative B(R)2-measurable function,

L (B % B2) = [ | [ Tocmao s 0) o) Lebla) | Lo

Using the fact that Ip, x5, (z,y) = Ip, (2)Ip,(y) and the linearity of the integral with respect to Leb,
EX’y(Bl X Bg) = |:/ ]IBl( ) Leb d:U :| [ HBz (y) Leb(dy)} = EX(Bl)ﬁy(Bg).
R

Because Lx X Ly is the unique measure on (R?, B(R)?) such that (Lx x Ly)(B1 x Bs) = Lx(B1)Ly (Bz) for
every By, By € B(R) and Lx y is a measure on (R?, B(R)?), we know that X and Y are independent.

Suppose X and Y are independent. Let f = (fx o p1)(fy o p2). Because f is a B(R)2-measurable non-negative
function, recall that (f Leb?) is a measure on (R?, B(R)?) given by

(L)) = [ faLet? = [ 1) () (pa(e) Leb(d) = [

R

[ 1o o)) Leb(a) | b

By the linearity of the integral with respect to Leb, for every By, Bs € B(R),

LBy (B2) = [ [ [ 18 o) ) ) Leb(dm} Leb(de) = (f Leb?)(By x Ba).

Because Lx X Ly is the unique measure on (R?, B(R)?) such that (Lx x Ly)(B1 x Bs) = Lx(B1)Ly (Bz) for
every By, B, € B(R) and (f Leb?) is a measure on (R2, B(R)?), we know that Lx x Ly = (f Leb?). Since X and
Y are independent, Lxy = (f Leb?). Therefore, f is a joint probability density function for X and Y.

Let F1 = {2z € R?| f(2) — fxy(2) >0} and F, = {2z € R? | fxy(2) — f(2) > 0}, so that FF = F; U F. Since
Fy N Fy = (), we have Leb?(F) = Leb?(F}) + Leb®(F,). In order to find a contradiction, suppose Leb?(F) > 0, so
that Leb?(F}) > 0 or Leb?(Fy) > 0. Because (f — fx.y)lr, and (fxy — f)Ig, are non-negative B(R)2-measurable
functions, a previous result then implies that Leb®((f — fx.y)Ir,) > 0 or Leb?((fx.y — f)Ir,) > 0. The linearity
of the integral with respect to Leb® then implies that Ly y (F1) = Leb?*(fIp,) > Leb*(fx.ylr,) = Lxy(F1) or
Lxy(Fy) = Leb?(fx yIg,) > Leb?(flp,) = Lx.y (F2), which is a contradiction. Therefore, Leb?(F) = 0.

O

The results in this section can be generalized to products between any number of measure spaces.

Theorem 8.2 (Kolmogorov’s extension theorem). Consider the measurable space (R,B(R)) and a sequence of
probability measures (A, | n € N). Let @ =[], R, so that each w € Q corresponds to a sequence (w, € R |n € N).
For every n € N, let X, : Q@ — R be given by X,,(w) = w,. Furthermore, consider the o-algebra F on 2 given by
F =o0(Uno(X,)). In that case, there is a unique probability measure P on the measurable space (€2, F) such that,
for every sequence (B,, € B(R) | n € N),

(1) Mo

The measure space (€2, F,P) is denoted by (2, F,P) = [],(R,B(R),A,). The sequence (X, : @ - R | n € N) is
composed of independent random variables on (2, F,P) so that A,, is the law of X,.

Proposition 8.19. Consider a measurable space (Q, F) and a stochastic process (X, : @ — R | n € N). Let
X : 2 — R be given by X(@) = (X,,(@) | n € N). For every n € N, let X,, : R® — R be given by X,(w) = w,
and let F = 0(U,0(X,,)). In that case, X is F/F-measurable.

Proof. For every n € N, note that X, = X, 0 X, so that X, Y(B) = X-Y(X;1(B)) for every B € B(R). Because
X,, is F-measurable for every n € N, we know that X~ (C) € F for every C € U,o(X,). Since (R*,F) is a
measurable space, note that £ = {F € F | X~ '(F) e .F} is a o-algebra on R*. Because U,0(X,) C F, we know

that o(Upo(X,)) = F C &, so that £ = F. Therefore, X is F/F-measurable. O
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9 Probability kernels

Consider the measurable spaces (S1,21), (S2,22), and (S, %) = (51 x Sz, %1 X X3).

Definition 9.1. A probability kernel K from S; to Sy is a function K : S; x X5 — [0, 1] such that
e For every s; € Sp, the function K (si,-) : X9 — [0,1] is a probability measure on (S, X5);
e For every By € X5, the function K (-, Bs) : S1 — [0, 1] is ¥;-measurable.

Proposition 9.1. Consider a m-system Z on Sz such that o(Z) = £5. Let K : S; x £3 — [0, 1] be a function
such that the function K(s1,-) : X2 — [0, 1] is a probability measure on (Sz,33) for every s; € Sy. If the function
K(-,Bs) : S1 — [0,1] is X1-measurable for every By € Z, then K is a probability kernel from S; to Ss.

Proof. Let D ={Bsy € 35 | 0(K(+,B2)) C ¥1}. By assumption, Z C D. Furthermore, D is a d-system on Ss:
e Sy €D, since Sy € ¥y and K(+,53) =1 =1g, and Ig, is ¥j-measurable.
e If By,Bs € D and B; C By, then By \ By € D. In order to see this, note that By \ By € 3o and
K(-,B2\ B1) = K(-,BoN BY) =1- K(-,B;UB1)=1- K(-,B5) - K(-, B1) = K(-, B2) = K(:, By).
Since K (-, B2) and K (-, B1) are ¥;-measurable, we know that K (-, Bo \ By) is Xj-measurable.

e For any sequence (B, € D | n € N), if B,, C B4 for every n € N, then U, B,, € D. In order to see this, first
note that U, B,, € ¥5. By the monotone-convergence property of measure,

K (-,UpBy,) = lim K(-,By).

n—roo
Because K (-, By,) is Y.1-measurable for every n € N, we know that K (-,U,B,,) is X;-measurable.

Because 7 is a w-system on Sy and D is a d-system on S5 such that Z C D, Dynkin’s lemma shows that Yo C D.
Since D C Yo, we know that D = Xy. Therefore, for every By € ¥, the function K (-, Bs) is Xj-measurable. O

Proposition 9.2. Consider a probability kernel K : S; x 35 — [0,1] and a X-measurable function f : S — [0, o0].

The function J{ is ¥;-measurable, where J{ : S; — [0, 00] is given by

I (s1) = | F(s1,52)K (s1,dsa).

Proof. Recall that there is a Yo-measurable function fs, : So — [0,00] such that fs, (s2) = f(s1,s2) for every
s1 € S1 and sy € So, so that Jlf is indeed well-defined.
Let Z={B; x By | By € X1 and Bs € Y5}, so that 0(Z) = X. For every By x By € T,

JfBlXBQ(Sl) :/ H31X32(81782)K(81,d82) :HBl(Sl)/ ]IBz(SQ)K(Sl,dSQ) :]IBI(Sl)K(Sl,BQ).
S2 S2

Therefore, for every By x By € Z, the function J]lIB1 *P2 is ¥;-measurable, since Ip, and K(-, By) are ¥1-measurable.

Let D={A e X |o(Ji*) C %}, so that T C D. Note that D is a d-system on S:
e SeD, since SeXand S =5 xSy and Ji%(s1) = Ig, (51) K (s1,52) = Ig,(s1) = 1 and Tg, is ¥;-measurable.
o If Aj, Ay € D and A; C Ay, then As \ Ay € D. In order to see this, note that A \ A; € ¥ and

Tagpna, = Tagnae = Ta,lae =14, (1 —14,) =14, — 14,04, =14, —la,n4, =14, — 14,

so that
I
gy (51):/ ]IAz(sl,sQ)K(ShdsQ)—/ T, (51, 52)K (51, ds2) = J1*2 (s1) — J1* (s1).
Sz SZ

Ag\Aq

L4 Ia I .
Because J;"? and J;"' are ¥;-measurable, J; is ¥;-measurable.
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e For any sequence (A, € D|neN), if A, C A, 41 for every n € N, then U, A,, € D. In order to see this, note
that U, A4,, € ¥ and 14, (s1,-) <1a4,,,(s1,-) for every n € N and s; € Si, so that 14, (s1,-) T1u, 4, (s1,-). By
the monotone-convergence theorem,

J1HU”A" (s1) :/ Iy, A, (s1,52)K(s1,ds2) = lim L4, (s1,52)K(s1,dsz) = lim J " (s1).
Sa

n—oo S2 n— oo

UnAn

Ta, - I .
Because J;*" is ¥j-measurable for every n € N, J; is ¥1-measurable.

Because 7 is a m-system on S and D is a d-system on S such that Z C D, Dynkin’s lemma shows that ¥ C D.
Since D C X, we know that D = .. Therefore, for every A € ¥, the function Jl]IA is ¥j-measurable.
Next, suppose f : S — [0,00] is a simple function that can be written as f = Z;::l arla, for some fixed

ay,as,...,am € [0,00] and Ay, As,... Ay, € X, In that case,
J{ (s1) / Zakhk s1,52)K(s1,ds2) Zak/ La, (s1,82)K(s1,ds2) = Zale (s1)-
82 g=1

Ia, . . .
Because .]1’4’c is 3j-measurable for every Aj, As,... A, € X, the function J{ is Y1-measurable.

Finally, consider a Y-measurable function f : S — [0,00]. For any n € N, let f,, = «a, o f, where «,, is the
n-th staircase function. For every n € N, because f, : S — [0,n] is bounded and ¥-measurable, there is a bounded
Yo-measurable function f, s, : S2 — [0,7n] such that f,(s1,s2) = fu.s (s2) for every s; € S; and sy € Sa. Since
fu T f, consider the Yp-measurable function fy, = lim, oo fn s, and note that f(s1,s2) = fs, (s2) for every s; € 51
and sy € Sy. Since fy s, T fs, for every s; € Si, by the monotone-convergence theorem,

Jlf(sl) = fs1(82)K(s1,ds2) = lim / Fr,se (82) K (s1,ds2) = nh_}n;o Jlf” (s1).

So n—oQ S

Because f, is a simple function for every n € N, the function Jlf ™ is Yi-measurable for every n € N, so that the
function Jlf is ¥1-measurable for every ¥-measurable function f : S — [0, c0]. O

Theorem 9.1. Consider a probability kernel Ks : S; x X5 — [0,1], a probability measure u; on the measurable
space (S1,%1), and the function p : 3 — [0, 00] given by

=/ / Ta(s1,s2)Ka(s1,ds2)pu1(dsy).
S1 JSs

The function p, which is also denoted by p = p; X Ko, is the only probability measure on (S, X) such that

w(B1 x Ba) = [ Ks(s1, Ba)pui(ds)
By

for every By € X1 and By € Y.

Proof. Note that the function p: ¥ — [0, 00] is given by
p() = [T s dsa)
S1

where Jlll“ : 51 — [0, 00] is a ¥j-measurable function given by Jl]IA (s1) = fsz Ta(s1,52)Ka(s1,ds2).
Clearly, p(0) = 0 and u(S) = 1. For any sequence (4,, € ¥ | n € N) such that A, N A, =0 for n # m,

< ) / / ]Iun Sl,SQ)KQ(Sl,dSQ ,u1 dSl / / ZHA 81,82)K2(81,d82 ,u1 d81 Zﬂ,
S1 /82 S1 JSs

where the last step relies on the fact that I4, > 0 for every n € N. Therefore, p is a probability measure on (S, X).
Finally, let Z = {B; x Ba | By € 31 and By € %5}. Because 7 is a w-system on S such that o(Z) = X, p is the
unique probability measure on (.5, %) such that, for every By x By € Z,

wu(B1 x Bz) :/ TP (51 g (dsy) :/ [, (s1)K2(s1, B2)pi(ds1) = | Ka(s1, Ba)p(dsy).
S1 Sy By
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Consider the measurable spaces (S1,%1), (S2, X2), (S3,%3), and (S, X) = (51 X Sz X 53,31 x 3 x ¥3).

Theorem 9.2. Consider a probability kernel Ks : S; x ¥o — [0, 1], a probability kernel K3 : (S1 x S2) x X5 — [0, 1],
and a function K : S x (X2 x X3) — [0, 1] given by

K(Sl,A):/ / HA(827S3)K3(81,827d83)K2(817d.92).
Sg 53

The function K, which is also denoted by K = K5 x K3, is a probability kernel from S; to Sy x S3. For every
s1 € S1, the function K (si1,-) : X2 x X3 — [0, 1] is the only probability measure on (Se x Ss, 32 x X3) such that

K(s1,B2 x B3) = K3(s1, 82, B3)K3(s1,ds2)
B2
for every By € Y9 and B3 € X3.
Proof. For every s; € S1, the function K3(sy,-): Se x X3 — [0, 1] is a probability kernel from S5 to Ss:
e For every sg € Sy, the function K3(s1, $2,-) : X3 — [0,1] is a probability measure on (Ss3, X3).

e For every B3 € X3, the function K3(s1,-, B3) : S2 — [0,1] is Xg-measurable since K3(-, B3) : S x So — [0, 1]
is a (bounded) ¥; x Yo-measurable function.

For every s; € Sp, consider the probability kernel K3(s1,-) : So x X3 — [0,1] and the probability measure
Ks5(s1,) : 32 — [0, 1] on the measurable space (S2,X32). By Theorem 9.1, the function K (s1,-) : (32 x X3) — [0,1]
is the only probability measure on (Sy x Sz, X X3) such that, for every By € ¥y and Bs € X3,

K(Sl,BQ X Bg) = K3(51,82783)K2(51,d82).
B>

By Proposition 9.1, if the function K (-, By x Bs) : S1 — [0,1] is ¥;-measurable for every By € 35 and B3 € X3,
then K is a probability kernel from S7 to Sy x S3.

For every By € ¥3 and B3 € 33, the functions Ig, xp, : S1 x Sz — [0,1] and K3(-, Bs) : S1 x Sy — [0, 1] are
31 X Yo-measurable, so that the function Ig, « g, K5(+, B3) is X1 X Yg-measurable. By Proposition 9.2, the function
K(-,Bs x B3) : S; — [0,1] is X1-measurable, since

K(s1,By x B3) = K3(s1, 52, B3)Ka(s1,ds2) = / s, % B,(51,52)K3(s1, 82, B3) Ka(s1,ds2).
Bs So

O

Theorem 9.3 (Ionescu-Tulcea theorem). Consider a sequence ((S,,%,) | n € NT) of measurable spaces and a

probability measure p; on the measurable space (S1,%1). For every n > 1, let K, : ( Z;; Sk) X X, — [0,1] be

a probability kernel. There is a measure space (S, 3, P) and a sequence of functions (X,, : S — S, | n € N*) such
that X, is ¥/3,-measurable for every n € N* and, for every I' € £; x ¥g X -+ X 3,

P((X1,X2,...,X,) €T) = (1 x (Ko x--- x K))(I).

10 Conditional expectation

Consider a probability triple (2, F,P) and a random variable X :  — R. For every w € 2, note that knowing
I{x—g}(w) for every z € R is equivalent to knowing X (w). Furthermore, from a previous result,

o(X) = { <U{x}>|BeB } {UX ({z}) | B € B(R } {U{X—J;HBEB( )}

rEB zeB zeB

Let F' = Upep{X = 2} for some B € B(R). For every w € Q, note that Ip(w) = > 5 I{x=s}(w), since F' is a
union of disjoint sets. Finally, note that {X = z} € o(X) for every x € R. Therefore, for every w € 2, knowing
I{x—z}(w) for every = € R is also equivalent to knowing I (w) for every F' € o(X).

In conclusion, for every w € €2, knowing X (w) is equivalent to knowing Ir(w) for every F' € o(X).

52



More generally, consider a probability triple (2, F,P) and a set of random variables {Y, | v € C} where
Y, : Q — R for every v € C. Suppose that an unknown outcome w € 2 results in a known value Y, (w) € R for every
v € C. The o-algebra o({Y, | v € C}) contains exactly each event F' € F such that it is possible to state whether
w € F. In other words, for every w € €2, knowing Y, (w) € R for every v € C is equivalent to knowing Ir(w) for
every F € o({Y, | v € C}).

Consider a probability triple (2, F,P) and the random variables X : @ — R and Y : @ — R. Suppose
o(Y) C o(X). For every w € Q, knowing X (w) allows knowing Ir(w) for every F' € o(Y). Therefore, knowing
X (w) allows knowing Y (w).

Proposition 10.1. For every function Z : Q — R, a function Y : Q — R is ¢(Z)-measurable if and only if there is
a Borel function f : R — R such that Y = f o Z. Furthermore, if Z1, Zs, ..., Z, are functions from {2 to R, then a
function Y : Q — Ris 0({Z1, Zs, ..., Z,})-measurable if and only if there is a Borel function f : R™ — R such that
Y(w) = f(Z1(w), Za(w), ..., Zn(w)) for every w € Q.

Definition 10.1. Consider the probability triple (2, F,P), a random variable X : Q — R such that E(|X|) < oo,
and a o-algebra G C F. A random variable Y :  — R is called a version of the conditional expectation E(X | G)
of X given G if and only if Y is G-measurable, E(|Y|) < oo, and, for every set G € G,

/Yd]P:/Xle’.
G G

In that case, we say that Y = E(X | G) almost surely.

Proposition 10.2. Given the definition above, a version Y of the conditional expectation E(X | G) of X given G
always exists. Furthermore, if Y and Y are such versions, then P(Y =Y) = 1.

Proof. First, suppose X € £2(Q, F,P) and recall that £2($, G, P) is a complete vector space. Because £2(Q,G,P) C
L£2(Q, F,P), there is a version Y € L£2(Q,G,P) of the orthogonal projection of X onto £2(£2,G,P) such that
[ X = Y| = inf{||X — W|2 | W € L2(Q,G,P)} and E((X —Y)Z) = 0, for every Z € L*(Q,G,P). Clearly, Y is
G-measurable. By the monotonicity of norm, E(|Y|) < co. For every G € G, we have I € £2(Q,G,P), so that
E((X —Y)Ig) = 0. Therefore, by the linearity of expectation, E(XIg) = E(Y1g), which completes this step.

Suppose that X is a bounded non-negative random variable, so that X € £2(, F,P). As an auxiliary step, we
will now show that if Y = E(X | G) almost surely, then P(Y > 0) = 1. In order to find a contradiction, suppose
that P(Y > 0) < 1, so that P(Y < 0) > 0. Let A, = {Y < —n~'} = Y= }((—oc0,—n"1)), so that 4, C A, 41
and U, A, = {Y < 0}. Since A, 1t {Y < 0}, the monotone-convergence property of measure guarantees that
P(A,) 1 P(Y < 0). Because we supposed that P(Y < 0) > 0, there is an n € N such that P(4,,) = P(Y < —n~!) > 0.
Consider the random variable Y14 given by

Y(w), ifY(w)

(Y14, )(w) = Y (w)la, (@) = {o if Y (w) i -

Because Y14, < —n~'l,, , we know that E(Y1,,) < —n~'P(4,) < 0. Because X > 0, we know that E(XT4, ) > 0.
However, A, € G, so that E(X14 ) =E(Y1,,). Because this is a contradiction, we know that P(Y > 0) = 1.

Next, suppose X € £1(Q, F,P) is non-negative. For every n € N, let X,, = o, 0 X, where c, is the n-th staircase
function, so that X,, € £2(Q, F,P). Furthermore, let Y,, = E(X,, | G) almost surely. Because X, is a bounded
non-negative random variable, we know that P(Y;, > 0) = 1. For every n € N and G € G, note that

E(Yoy1 = Ya)le) = E(Yanle) — E(Yale) = E(Xnnle) — E(X,le) = B((Xn — Xa)la).

Because Y, € L}(Q,G,P) and Y,, 11 € L1(Q,G,P), we know that Y, 11 — Y, = E(X,,11 — X, | G) almost surely.
Because X, 41 — X, is non-negative and bounded for every n € N, we know that P(Y,, 41 — Y, >0) = 1.
Consider the set A° =], {Yn < 0} U{Y,+1 — Y, <0}. Note that A € G and P(A) = 1, since

P(A°) = P (U{Yn <Oy U{Ypy1 -V, < 0}) <Y PV, <0) +P(Ypr — Y, <0) =0.

For every n € N, note that ¥, 14 > 0 and Y, 4114 > Y, [4. Let Y = limsup,,_,, Ynla. For every G € G, because
every non-decreasing sequence of real numbers converges (possibly to infinity), we know that Y, IsIs 1 YIg. By
the monotone-convergence theorem, we know that E(Y,Is1s) 1 E(YIg).
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For every n € N and G € G, we have (ANG) € G and P(X, Igl4: # 0) = 0, so that
E(Y,Ialg) = ENVulane) = E(Xnlang) = E(Xplalg) + E(X,ulacle) = E(X,1q),

which implies E(X,,I¢) T E(Y1g). Since X,Ig T XIg, we also know that E(X,Ig) 1 E(XIg), so that E(YIg) =
E(XIg). Because Y is G-measurable and 2 € G, we know that Y = E(X | G) almost surely.

Finally, suppose X € £1(Q, F,P). Let X = XT — X~ where X : Q — [0,00] and X~ : Q — [0,00]. Let
YT =E(X* | G) almost surely and Y~ = E(X~ | G) almost surely. For every G € G,

E(XIg) = E((XT - X7)lg) =E(XTIg) - E(X L) = E(YIg) —E(Y 1g) = E(Y' - Y 7)lg),

so that YT — Y~ =E(X | G) almost surely.

It remains to show that if Y = E(X | G) almost surely and ¥ = E(X | G) almost surely then P(Y = Y) = 1.
For the purpose of finding a contradiction, suppose that P(Y = Y) < 1, so that P(Y # Y) > 0. In that case,
P(Y > Y)+P(Y > Y) >0, so that P(Y > Y)>0o0r P(Y >Y) > 0. SupposeIP(Y>Y) > 0. Let 4, = {Y >
Y +n7 1} = (Y —Y) ' ((n',0)), so that A, € A,y and U,A, = {Y > Y}. By the monotone-convergence
property of measure, we know that P(A4,) * P(Y > Y). Because P(Y > Y) > 0, there is an n € N such that
P(A,) =P(Y >Y + n_l) > 0. Note that (Y —Y)I4, >n"'I,,, since

Y - Y)(w)la, (w) = {E)Y B i g : QE:; z -1

Therefore, E((Y — Y)HA ) > E(n~'14,) = n 'P(A,) > 0. However, for every G € G, note that E(Y1g) =
E(YIg), so that E((Y — Y)]Ic;) = 0. Because A4,, € G, we arrived at a contradiction. An analogous contradiction is
found by supposing that P(Y > Y) > 0. Therefore, P(Y =Y) =

O

Definition 10.2. Consider the probability triple (2, F,P), a random variable X : Q@ — R such that E(|X|) < oo,
and a random variable Z :  — R. A random variable Y : 2 — R is called a version of the conditional expectation
E(X | Z) of X given Z if and only if it is a version of the conditional expectation E(X | 0(Z)) of X given o(Z).
An analogous definition applies when Z is a set of random variables.

Suppose X € £2(Q,F,P) and Z : Q — R are random variables and let Y = E(X | Z) almost surely. Recall that
for every W € £2(Q,0(Z),P) there is a Borel function f : R — R such that W = f o Z and that E((X — Y)?) <
E((X — W)?). In this sense, if g : R — R is a Borel function such that Y = go Z, then Y (w) = g(Z(w)) is almost
surely the best prediction about X (w) that can be made given Z(w).

The next three examples illustrate the definition of conditional expectation.

Proposition 10.3. Consider a probability triple (Q, 7,P) and the random variables X : Q — X and Z : Q — Z,
where X = {z1,...,2,} and Z ={z1,..., 2z, }. Furthermore, suppose P(Z = z) > 0 for every z € Z.
Let P(Z) denote the set of all subsets of Z and consider the P(Z)-measurable function E : Z — R given by

fxz,Z:z
sz - ),

In that case, Y = E o Z is a o(Z)-measurable function such that

/ YdP = / XdP,
G G

for every G € 0(Z), so that Y = E(X | Z) almost surely.

Proof. For every B € B(R), recall that Y ~}(B) = Z=}(E~Y(B)). Because E~(B) € P(Z) and P(Z) C B(R), we
know that Y1 (B) € 0(Z). Therefore, Y is o(Z)-measurable.
Because Y is a bounded F-measurable function and {Z = z} € F for every z € Z,

/{Z_Z}YC”P: [ Tz @PZE)R) = [ Tzms @ PP() = B()P = SR =2 =)
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By the definition of the integral of a simple function with respect to P,

Yd]P’:/ 2l X s 7 dIP:/ Lz > @l x—a, d]P’:/]I . Xd}P’:/ XdP.
/{Z_Z} Q(Z {(X=2:,2 }) Q({z }; ilgx }) | Lz=2 .

Because Z(w) € Z for every w € 2 and P(Z) C B(R),
U(Z):{U{Z:z}|BeB(R)}:{U{Z:z}|B€P(Z)}.
zEB 2€B

Let G = J,cp{Z = z} for some B € P(Z). For every w € €, note that Ig(w) = >, 5liz=.}(w), since G is a
union of disjoint sets. Therefore, because Y is a bounded F-measurable function and G € F,

/G YdP = /Q D Liz—y (@)Y (@)P(dw) = > /Q I{z—2) (W)Y (w)P(dw) = Y /Q I 7=y (W)X (w)P(dw).

z€B z€B zeB

By the linearity of the integral with respect to P and the fact that Ig(w) = >, 5 I{z=21(w),

/G YdP = /Q I (w) X (w)P(dw) = /G XdP.
O

Proposition 10.4. Consider the probability triple (Q2, F,P) = ([0, 1], B([0, 1]), Leb) x ([0, 1], B([0, 1]), Leb) and the
bounded random variables X : Q@ — R and Z : Q — [0,1], where Z(a,b) = a. Furthermore, consider the bounded
B([0, 1])-measurable function I¥ : [0,1] — R given by

IX(a) = X (a, b) Leb(db).
[0.1]

In that case, Y = I;¥ 0 Z is a 0(Z)-measurable function such that

/ YdP = / XdP,
G G

for every G € 0(Z), so that Y =E(X | Z) almost surely.

Proof. Recall that o(Z) = {A x [0,1] | A € B([0,1])}. For every B € B(R), note that Y ~}(B) = Z~}((I{*)~1(B)).
Because (I7¥)~(B) € B([0,1]), we know that Y is o(Z)-measurable.
Let G = A x [0, 1] for some A € B([0,1]). Because Y is a bounded F-measurable function and G € F,

/ VP — / l / Lux(o.1)(a, )Y (a, b) Leb(db)
G [0,1] [0,1]

By the linearity of the integral with respect to Leb and using the fact that Leb([0,1]) = 1,

/G VP = [ /[0,1] Leb(db)] [ /[071] Ly(a)I¥ (a) Leb(da)] _ /[071] ]IA(a)l | Xlab Leb(db)] Leb(da).

Therefore, using the fact that I4(a) = L4x[0,11(a,b) = Ia(a,b),

/G VP = /[0,1] [ /M Hg(a,b)X(a,b)Leb(db)] Leb(da) = /G XdP.

Leb(da).

Leb(da) = /[( . [ /[( | Ta@I @ Lebia
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Proposition 10.5. Consider a probability triple (2, F,P) and the random variables X : @ — R and Z : Q@ — R.
Suppose that fx z : R? — [0,00] is a joint probability density function for X and Z. Let fx : R — [0,00] be a
probability density function for X and fz : R — [0, 00] be a probability density function for Z such that

Z/fo,z(x,z) Leb(dz),
fz(z) = /R fx.z(z,z) Leb(dx).

Furthermore, consider the elementary conditional probability density function fxz : R2 — [0, 00] given by

0, if fZ( ) 07
Ixiz(x,2) = fxz(®,2)/fz(2), if0< fz(2) < oo,
0, if f7(2) = oo.

Let h : R — R be a Borel function such that E(Jh o X|) < oo, so that

E(hoX) = /Q(h o X)dP = /Rh dlx = /Rh(:c)fx(x) Leb(dz),

where Lx is the law of X. Finally, consider the function g : R — R given by

(2) = 0, if z ¢ Fy,
z
g Jg M) fxz(x, z) Leb(dx), if z € F3,

where Fy = {z e R| [ |h(x)fx|z(x, z)| Leb(dz) < co}.
In that case, Y = go Z is a o(Z)-measurable function such that E(|Y|) < co and

/GYdIP:/G(hoX)d]P’

for every G € 0(Z), so that Y =E((h o X) | Z) almost surely.

Proof. First, we will show that (ho p1)fx|z is B(R)?>-measurable. Let A1 = {z € R| fz(2) > 0}n{z e R | fz(2) <
oo}. Because fz is Borel, we know that R x A; € B(R)2. Furthermore, note that

fxz(z,2)
fz(pg(l‘, Z)) + HRXAY (Z‘, Z) .

Ix1z(x,2) = Irxa, (z,2)

Because the function  : (0, 00] — [0,00) given by u(r) = 1/r is Borel, we know that fx|z is B(R)*-measurable.
Because h is Borel, we also know that (h o p1)fx |z is B(R)*-measurable.

We will now show that g is Borel. Because [(ho pl)fX|Z\ is non-negative and B(R)?-measurable, we know that
the function I : R — [0, oc] given by Ir(z) = [, |h(x)fx|z (2, z)| Leb(dz) is Borel, so that F§ € B(R). Furthermore,

0(2) = Trs (2) / ((ho 1) fxiz)" (2, 2) Leb(d) — Tpg (2) / (ko p1)fx12)" (. 2) Leb(dz).

Since ((hop1)fx)z)" and ((hop1)fx|z)~ are non-negative and B(R)?-measurable, we know that g is Borel, which
also implies that Y = g o Z is a o(Z)-measurable function.
We will now show that E(|Y|) < co. Because |g(2)| < I2(z) for every z € R,

9(2)[f2(2) < La(2) fz(2 /\h ) fx|z(%, 2)|fz(2) Leb(dx) /Ih )La, (2) fx.z(x, z) Leb(dz).

Because |g|fz and I5 fz are non-negative and Borel,

stz tebta) < [ | [ o)ita, 21 z6o.2) Lob(an)] Lob(as)
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Because a previous result for probability density functions extends to joint probability density functions,
[ lot@ 2z Leb(dz) < [ 1hopil(La, 0 p2) ez dLeb® =B(Jho X[Lz-1(a,) < oo,
R R
since (I, © Z) =1 z-1(4,)- Because Leb(|g|fz) = E(|g o Z|), we know that Y € £'(Q, F,P).

Let Lx 7z : B(R)? — [0, 1] denote the joint law of X and Z.
We will now show that Lx z(Igxac) = 0. Because a previous result for laws extends to joint laws,

/ ]I]RXASE dACX,Z :/ HRXA‘{fX,Z dLeb2 :/ |:/ ]IAff (Z)fXﬁz(.’t,Z) Leb(dx)} Leb(dz)
R2 R2 R L/R

By rearranging terms,

[ s dexz = [ 1) | [ fxzto o) Leblao)] Lebtas) = [ L1720 Lebla).

Because A{ = {fz = 0} U{fz = oo} is a union of disjoint sets, we know that [ = I;;, oy + Ifs,—oc}. Therefore,

/ Irxas dlx z = / L{s,=01(2)fz(2) Leb(dz) + / I{7=00}(2)f2(2) Leb(dz) = 0,
R2 R R
since ]I{fzzo}fz =0 and Leb(fz) < cc.

Let Ay = {z € R| [ |h(2)|fx,z(x, z) Leb(dx) < oo}, so that Ay € B(R). We will now show that Lx, 7 (Irxag) =
0. From a previous result about probability density functions,

E(lho X|) = /]R |h(2)| fx (x) Leb(dz) :/R [/R |h(z)|fx,z(x, 2) Leb(dz)} Leb(dzx) = /R2 \hopi|fx.z dLeb?.

Because E(|ho X|) < oo, we know that Leb(AS) = 0. Because a previous result about laws extends to joint laws,

/ ]I]RXAg d»CX,Z :/ HRXAng,Z dLeb2 :/ |:/ ]IAE(Z)fX’Z(LU,Z) Leb(dm)} Leb(dz)
R2 R2 R R

By rearranging terms and the using fact that Leb(I4¢) = 0 implies Leb({Iag fz > 0}) < Leb({Iag > 0}) = 0,

/2 H]RXAE d/ﬁX’Z = / HA§ (Z)fz(z) Leb(dz) =0.
R R
Finally, we will show that E(YIg) = E((h o X)Ig) for every G € o(Z). Note that, for every G € 0(Z),

1, it Z(w) € B,

() =lz-1(5)(w) = (Ip 0 Z)(w) = {o it Z(w) ¢ B

for some B € B(R). Let S = (R x A1) N (R x A2), so that S = (R x A7) U (R x A5) and Lx,z(Isc) = 0. Note that

/Q(hoX)HG dIP:/Q(hoX)(]IBOz) dP:/

(hop1)Ipops) dlx z :/ (hop1)(Igop)ls dLx 7,
R?

R2

since (h o p1)(Ip o p2) and (ho p1)(Ip o p2)lg are Lx z-integrable and equal almost everywhere.
Because a previous result for probability density functions extends to joint probability density functions,

/ (ho X)lg dP = / (hop1)(Ip o pa)lsfx.z dLeb®.
Q R?
Because Ig(z,2) = 14, ()14, (2) for every (z,2) € R?,
/Q(h o X)lg dP = /F [/]R h(z)lp(2)la, (2)L4,(2) fx.z(x, z) Leb(dz) | Leb(dz),
where F' = {z € R| [ |h(x)[Ip(2)La, (2)Ia,(2) fx,z(x, ) Leb(dx) < co}.
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Because Az C F, we know that Ipla, = [4,. Therefore,
/(h o X)lg dP :/ [/ hx)g(2)La, (2)Ia, (2) fx,z(z, 2) Leb(dx)} Leb(dz).
Q R L/R
Because fX,Z(x7 Z)]IA1 (Z) = fX\Z(xu Z)fZ(Z)HAl (Z) for every (1’, Z) € R27

/Q (ho X)lg dP = /R { /R h(x)p(2)a, ()L, (2) fx) 2 (2, 2) F2(2) Leb(dx)} Leb(dz).

By rearranging terms,

/Q(hoX)I[G P = /R In(2) f2 () Lasna, (2) { /R W) fx 12 (2. 2) Leb(dx)} Leb(dz).

For any z € (A1 N Ajy), by the linearity of the integral with respect to Leb,
Ly, (2) / ()| fx.2(z, 2) Leb(dz) = f2(2) / ()| fx 122, 2) Leb(dz) < oo.
R R

Because fz(z) > 0, we know that [, [h(2)|fx|z(x, z) Leb(dz) < oo, so that z € FJ.
Because (A1 N Ag) - Fé] implies HAlﬁAg = I[AlﬂAQI[F297

[ e X016 0 = [ 1a(0) 2 e (e 2) | [ 102l Leb(ao)| Lobias),
Q R R

By the definition of g,
/Q (ho X)lg dP = /R I5(2) £2(=)Las iy (2)g(2) Leb(dz).
By once again applying results about probability density functions and joint laws,
/Q(h o X)Ig dP = /Q(HB 0 Z)(La,na, © Z)(g o Z) dP = /RZ(HB 0 p2) (L4, © p2)(g 0 pa) dLx 2.
Because Ig(z, 2) = L4, (2)1a,(2) for every (x,z) € R?,
/Q(h o X)lg dP = /]R?(g o p2)(Ipop2)ls dlx z.
Because (go p2)(Ig o p2) and (go p2)(Ip o p2)lg are Lx z-integrable functions that are equal almost everywhere,

/Q(hoX)HG dIF’:/]RQ(gopQ)(]IBom) dﬁx,zz/gz(goZ)(]IBoZ) dIP:/QYHG dP.

O

Consider a random variable X € £1(Q, F,P) and a o-algebra G C F. For the remainder of this text, we let
E(X | G) denote an arbitrary version of the conditional expectation of X given G.

Proposition 10.6. Consider a random variable X € £1(Q, F,P) and a o-algebra G C F. Note that E(E(X | G)) =
E(E(X | G)lg) = E(XIo) = B(X).

Proposition 10.7. Consider a random variable X € £'(2,F,P) and a o-algebra G C F. Note that if X is
G-measurable, then X = E(X | G) almost surely.

Proposition 10.8. Consider a random variable X € £}(Q, F,P) and let Y = E(X)Iq. In that case, Y = E(X |
{0,Q}) almost surely.

Proof. For every B € B(R), we have Y~ 1(B) = 0 if E(X) ¢ B and Y 1(B) = Q if E(X) € B. Furthermore,
E(]Y]) = E(JE(X)Iq|) = E(|X]) < co. Therefore, Y € £1(Q2, {0, 2}, P). Finally, E(YIq) = E(E(X)Iolo) = E(XTq)
and E(YTy) = 0 = E(X1,). O
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Proposition 10.9. Consider the probability triple (€2, F,P), a random variable X : Q@ — R, and a o-algebra G C F.
If X =0 almost surely, then 0 = E(X | G) almost surely, where 0 denotes the zero function.

Proof. Clearly, 0 € £L*(Q,G,P). For every G € G, because P(XIg = 0) = 1, we know that E(XIg) =0 = E(0lg). O

Proposition 10.10. Consider the random variables X; € £}(Q,F,P) and X» € £}(Q,F,P) and a o-algebra
G C F. In that case, a1E(X1 | G) + asE(X3 | G) = E(a1 X1 + a2X5 | G) almost surely for every aj,as € R.

Proof. Because £1(£2,G,P) is a vector space, we know that a1E(X; | G) + a2E(X2 | G) € LY(Q,G,P). For every
G e g,

E(@E(X1 | §) + a:E(Xz | ))ls) = aiE(E(X: | G)la) + asE(E(Xs | G)lo).
From the definition of a version of the conditional expectation,
E((a1E(X7 | G) + a2E(X2 | 9))g) = a1E(X11g) 4+ aE(Xalg) = E((a1 X1 + a2X2)lg).
O

Proposition 10.11. Consider the random variables X; € £}(Q,F,P) and X» € £}(Q,F,P) and a o-algebra
G C F. If X = X, almost surely, then E(X; | §) = E(X3 | G) almost surely.

Proof. Because P(X; — Xo = 0) = 1, we know that P(E(X; — X2 | G) = 0) = 1. Therefore, by linearity,
PE(X:]9) =E(X2 | G)) = 1. ]

Proposition 10.12. Consider a random variable X € £}(Q, F,P) and a o-algebra G C F. If X > 0, then
P(E(X | G) > 0) = 1.

Proof. In order to find a contradiction, suppose that P(E(X | G) > 0) < 1, so that P(E(X |

Ay ={E(X | G) < —n" 1} =E(X | §)"*((—o00,—n"1)), so that A, C A, 1 and U, A, = {E(
Ap, T{E(X | G) < 0}, the monotone-convergence property of measure guarantees that P(A,,)
Because we supposed that P(E(X | G) < 0) > 0, there is an n € N such that P(4,,) = P(E(X
Consider the random variable E(X | G)I4, given by

g
X
W

) < 0) > 0. Let
| G) < 0}. Since
PE(X | §) < 0).
G) < -n71)>0.

(E(X [ G)a,)(w) = E(X | §)(w)la, () =

E(X |9)(w), fEX|G)(w)<
0, if E(X | G)(w) > —n"1.

Because E(X | G)Ia, < —n~ 14, , we know that E(E(X | G)l4,) < —n~'P(A,) < 0. Because X > 0, we know that
E(X1,4,) > 0. However, A, € G, so that E(XI4,) = E(E(X | G)l4,). Because this is a contradiction, we know
that P(E(X | G) > 0) = 1.

O

Proposition 10.13. Consider a random variable X € £}(Q,F,P) and a o-algebra G C F. In that case, |E(X |
G)| <E(]X]| | G) almost surely.

Proof. By the linearity of conditional expectation,

P(EX |G)] = [E(XT X7 [g)|=[EX"]G)-EX"|g)]) =
PE(X]G)=EXT+X"|g)=EX"|G)+EX"[7)) =

By the triangle inequality, [E(XT | G) —E(X~ | §)| < |[E(XT | §)| + |E(X~ | G)|.
Because P([E(X* | G)| = E(X* | G)) = 1 and P([E(X~ | G)] = E(X~ | §)) = 1

P(E(X | 9) < [E(XT|g)|+|EX™|G)|=EXT |G +EX" |g)=E(X]]9)) =
O

Theorem 10.1 (Conditional monotone-convergence theorem). Consider a sequence of non-negative random vari-
ables (X, € LY(Q,F,P) | n € N), a non-negative random variable X € £(Q, F,P), and a o-algebra G C F. If
X, T X, then P(E(X,, | G)I4 1 E(X | G)) =1, where A € G is a set such that P(A4) = 1.
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Proof. Because X, is a non-negative random variable, P(E(X,, | G) > 0) = 1. For every n € N, because X,,41—X,, is
non-negative and E(X,,41 | G) —E(X,, | G) = E(X,+1 — X, | G) almost surely, P(E(X,,+1 | §) —E(X, | G) >0) = 1.
Let A =J,{E(X, | ) < 0} U{E(X,41 | G) —E(X, | G) < 0}. Note that A € G and P(A) = 1, since

P(A%) <Y P(E(X, | G) <0) +PE(Xp1 | ) —E(Xn | G) <0) =0.

For every n € N, note that E(X,, | G)I4 > 0 and E(X,,41 | G)Ia > E(X,, | §)l4.

Let Y = limsup,,_,. E(X,, | G)l4. For every G € G, because every non-decreasing sequence of real numbers
converges (possibly to infinity), we know that E(X,, | G)Ials T Y1, which also implies E(X,, | G)I4 1 Y. By the
monotone-convergence theorem, we know that E(E(X,, | G)Ialg) T E(YIg).

For every n € N and G € G, we have (ANG) € G and P(X, Igl4: # 0) = 0, so that

E(E(X, | §)1alg) = E(E(X, | §)lane) = E(X,lane) = E(X,Iale) + E(X,Iale) = E(X,Ie),

which implies E(X,I¢) T E(Y1g). Since X, I T X, we also know that E(X,Ig) 1 E(XIg), so that E(YIg) =
E(XIg). Because Y is G-measurable and 2 € G, we know that Y = E(X | G) almost surely. O

Lemma 10.1 (Conditional Fatou lemma). Consider a sequence of non-negative random variables (X,, € £1(Q, F,P) |
n € N) and a o-algebra G C F. If E(liminf, . X,) < 0o, then

P (]E (hmiann | g) < liminf E(X,, | g)) — 1
n— o0 n— 00
Proof. For any m € N, consider the function Z,, = inf,>,, X,,, such that

liminf X,, = lim inf X,, = lim Z,,.
n—00 m—oo n>m m—00

Because Z,, < Zy,41 for every m € N, we have Z,, 1 liminf, ., X,,. Furthermore, Z,, > 0 and Z,, € £L(Q, F,P)
for every m € N. Therefore, by the conditional monotone-convergence theorem,

P (E(Zm 1 G)I4 1 E (lirgiann | g)) —1,
where A € G and P(A) = 1.

For any n > m, note that X,, > Z,,. Therefore, P (E(X,, — Z,, | G) > 0) =1land P(E(X,, | G) > E(Z,, | G)) = 1.
Furthermore, for every m € N, because P(A°) = 0,

P (inf BCCL19) 2 B2 |90 ) =1
By taking the limit of both sides of the previous inequation when m — oo,
P (liminf]E(Xn 1G)>E (limiann | g)) — 1L
n— oo n—oo

O

Lemma 10.2 (Reverse conditional Fatou lemma). Consider a sequence of non-negative random variables (X,, €
L£1(Q, F,P) | n € N), a g-algebra G C F, and a non-negative random variable Y € £!(Q, F,P) such that X,, <Y
for every n € N. In that case,

P (E (limsuan | Q) > limsup E(X, | g)) =1.

n—oo n—oo

Proof. Because X,, <Y for every n € N, we know that E(limsup,,_,., X,) <E(Y) < .
For every n € N, consider the non-negative function Z, = Y — X,,, so that Z, € £YQ,F,P). From the
conditional Fatou lemma, since E(liminf,,_, o, Z,,) < oo,

IP(]E (linniior.}fY—Xn | g) < liminf E(Y - X, | g)) ~ 1L

60



For every n € N, by moving constants outside the corresponding limits and linearity,
P(E(Y |G)+E (lminf—X, | §) <E(Y | §) +liminf ~E(X,, | §)) = 1.
n—oo n—oo

By the relationship between limit inferior and limit superior and linearity,
P (E Y|G6) —E (limsuan | g) <EY |G) - limsupE(X, | g)) =1
n—oo n—oo

The proof is completed by reorganizing terms in the inequation above.
O

Theorem 10.2 (Conditional dominated convergence theorem). Consider a probability triple (2, F,P), a sequence
of random variables (X,, | n € N), a g-algebra G C F, a random variable X, and a non-negative random variable
V € LY(Q,F,P) such that | X,,| <V for every n € N. If P (lim,, 00 X,, = X) = 1, then X € £}(Q, F,P) and

P( lim E(X, | §)lc = E(X | g)) =1

n—oo

where C € G is a set such that P(C) = 1.

Proof. Because | X,,| <V for every n € N, we know that E(]X,,|) < E(V) < oo, which implies that X,, € £}(Q, F,P).
Because the function |-| is continuous, we know that P(lim, o |X,| = | X|) = 1. Because P (lim,, oo | Xn| < V) =1,
we know that P (]X| <V) = 1. Because P(|X| # [X|I{x|<v}) = 0, we know that E(|X]) = E(|X[I{jxj<vy) <
E(V) < oo, so that X € £1(Q, F,P).

Since P(| X, | < V) =1 and P(|X| < V) =1, we have P(|X,,| + |X| < 2V) = 1. By the triangle inequality,

| Xp = X[ = | X5 + (=X)| < [ Xn| + [X],
which implies that P(|X,, — X| <2V) = 1.
Let A ={|X, — X| <2V}, so that P(|X,, — X| = |X,, — X|I4) =1 and E(|X,, — X|) = E(|X,, — X|I4). Because

| X, — X|I4 is an F-measurable function and |X,, — X|I4 < 2V for every n € N, where 2V : Q — [0,00] is an
F-measurable function such that E(2V) = 2E(V) < oo, the reverse conditional Fatou lemma states that

P (IE (limsup|Xn — X4 | g) > limsupE (| X,, — X|I4 | g)) =1.

n—oo n—roo
Since | - | is continuous, we have P (lim,, o | X, — X|I4 = 0) = 1, where 0 is the zero function. Therefore,
P <limsup | X — X|I4 = liminf | X, — X|I4 = lim |X,, — X|I4 = 0) =1.
n—oo n—oo n—oo
Because each of the random variables above is almost surely equal to zero,

P <IE (limsup X, — XLy | g) —E (hminf X, — X|L4 | g) —E ( lim | X, — X|I4 | g) = 0) -1
n—o00 n—oo n—00

Since (X, — X)I4 € LY(Q, F,P) for every n € N, we have P (|[E((X,, — X)I4 | §)| <E(|X, — X|I4 | G)) = 1.
By taking the limit superior of both sides of the previous inequation and employing the previous results,

n— oo n— oo

P (O < limsup [E((X,, — X)I4 | G)| < limsupE (| X, — X|I4 | G) <E <limsuan — X4 | g) = 0) =1
n—o0

Therefore, by the relationship between limits,

n—o0 n—00

P <1imianE((Xn — X)La | G) = limsup E((X,, — X)L | G) = 0) =1
Because P (X, — X)Ix = (X, — X)) = 1 implies P(E((X,, — X)[4 | G) = E(X, — X | G)) = 1.

P (liminfE(Xn —X|G) =limsupE(X, — X |G) = O) =1.

n—00 n—o0o
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By the linearity of conditional expectation,

P <liminfE(Xn | G) =limsupE(X,, | G) =E(X | g)) =1.

n—00 n—00

Let C ={w € Q| lim, 0 E(X,, | G)(w) exists in R}. Because E(X,, | G) is G-measurable for every n € N, recall
that C' € G. Because E(|E(X | G)|) < oo, recall that P (|E(X | G)| < o0) =1, so that P(C') = 1. Furthermore,

IP’( lim E(X, | §)lc = E(X | g)) ~ 1

n—oo
O

Proposition 10.14 (Conditional Jensen’s inequality). Consider a random variable X € £(Q, F,P), a o-algebra
G C F, and a convex function ¢ : R — R. If (o X) € L1(Q, F,P), then P((poE(X | G)) <E((¢po X)|G)) =1.

Proof. Because ¢ is a convex function, it is possible to show that there is a sequence ((a,,b,) € R? | n € N) such
that ¢(x) = sup,, anx + b, for every x € R. Therefore, ¢(x) > a,x + b, for every € R and n € N. Furthermore, if
(poX) e LY, F,P), then (po X) —a,X — b, >0 for every n € N and

PE(¢oX)—ap,X —0,|G)>0)=1.
For every n € N, by the linearity of conditional expectation,
PE(¢0oX)|G)>a,E(X|G)+b,) =1

By taking the supremum of both sides of the previous inequation,
P (B((0 0 X) 1) 2 upanBOX |6) + b, = (60 B(X ) =1

O

Proposition 10.15. Consider a random variable X € £P(Q), F,P), where p € [1,00), and a o-algebra G C F. In
that case, [E(X | G)l < Xl

Proof. From the monotonicity of norm, we know that X € £(Q, F,P). Consider the convex function ¢ : R — R
given by ¢(z) = |z|P, so that (¢ o X) = |X|P. Because E(|X|P) < oo, we know that | X [P € £L}(Q, F,P). From the
conditional Jensen’s inequality, P (|E(X | )P <E(|X|P|G)) =1. Let A={|E(X | G)|P <E(|X|? | 9)}.

Because |E(X | G)[? is non-negative and G-measurable and E(|X|? | G) € £L}(Q,G,P),

E(EX | G)IP) = E(JE(X | 9)["Ta) < E(E(X[” [ G)La) = E(E(X[" [ §)) = E(|X]?).
O

Proposition 10.16 (Tower property). Consider a random variable X € £Y(Q, F,P), a o-algebra G C F, and a
o-algebra H C G. In that case, E(E(X | G) | #) = E(X | H) almost surely.

Proof. Because E(X | G) € £1(Q,G,P), we know that E(E(X | G) | H) € LY(Q, H,P). For every H € H, since
Heg,

| EEC 1) 1 ap [

E(X | G)Iy dP = / XIy dP.
Q Q

For the remainder of this text, we let E(X | G | H) denote E(E(X | G) | H).

Proposition 10.17 (Taking out what is known). Consider a random variable X € £1(2, F,P), a o-algebra G C F,
and a G-measurable random variable Z : @ — R. If E(|ZX|) < oo, then E(ZX | G) = ZE(X | G) almost surely.
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Proof. We will start by assuming that X > 0.
First, suppose that Z = 14, where A € G. For every G € G, since ZX € L}(Q, F,P) and ANG € G,

E(ZXlg) = E(XIane) = E(E(X | §)lang) = E(ZE(X | §)lq).

Because ZE(X | G) is G-measurable and E(ZE(X | G)) = E(ZX) < oo, we know that ZE(X | G) = E(ZX | G)
almost surely.

Next, suppose that Z is a simple function that can be written as Z = " | axla, for some fixed a1, as, ..., an €
[0,00] and Ay, Ag, ..., A € G. By the linearity of the conditional expectation and the previous step,

P <E(ZX 1G)=E (i arla, X | g) = iakE(HAkX 1G) = iak]IAkE(X |G) = ZE(X | g)) =1,

k=1 k=1 k=1

where we also used the fact that E(I4, X) < E(X) < occ.

Next, suppose that Z is a non-negative G-measurable function. For any n € N, consider the simple function
Z, = oy 0 Z, where o, is the n-th staircase function.

For every G € G, since Z,, T Z and Xlg > 0, note that Z,X1g 1 ZX1g. For every G € G, since Z,, T Z and
[E(X | §)|Ig > 0, note that Z,|E(X | G)|Ig T Z|E(X | G)|Ig. Therefore, by the monotone-convergence theorem,
we know that E(Z, X1g) T E(ZX1g) and E(Z,|E(X | §)|lg) T E(Z|E(X | §)|1g).

Because Z, is a simple G-measurable function and E(Z,X) < E(ZX) < oo, note that E(Z,X | G) = Z,E(X | G)
almost surely. Because Z,E(X | G) = Z,|E(X | G)| almost surely, E(Z,X1g) = E(Z,|E(X | G)|lg) for every
G € G. Therefore, the previous result implies that E(ZXIg) = E(Z|E(X | G)|lg) for every G € G, so that
ZIE(X | G)| =E(ZX | G) almost surely. Because Z|E(X | G)| = ZE(X | G) almost surely, this step is complete.

Next, suppose that Z is a G-measurable function. Recall that Z = ZT — Z~, where ZT and Z~ are non-negative
G-measurable functions. By the linearity of the conditional expectation and the previous step,

]P’(IE(ZX |G)=E(Z"X |G)—E(Z X|G)=Z"E(X|G)—-Z E(X|G)=ZE(X | g)) =1,

where we have also used the fact that E(ZTX)+E(Z~X) =E(Zt + Z7)X) = E(|ZX]) < c0.
Finally, suppose that X € £'(Q, F,P). Recall that X = X* — X~ where X* and X~ are non-negative
F-measurable functions By the linearity of the conditional expectation,

P(E(ZX | G)=E(ZX"|G)-E(ZX" |g)=ZE(X" |g) - ZE(X™ | §) = ZE(X | §)) = 1,

where we have also used the fact that E(|Z|XT) + E(|Z|X ) =E(|Z|(XT + X)) = E(|ZX]) < 0.
O

Proposition 10.18 (Role of independence). Consider a random variable X € £(§, F,P), a o-algebra G C F, and
a o-algebra H C F. If H and o(o(X) U G) are independent, then E(X | o(GUH)) = E(X | G) almost surely.

Proof. We will start by assuming that X > 0.

For every G € G, note that |[E(X | G)|I¢ is G-measurable. Consider the Borel function f : R? — R given by
f(a,b) = ab. Since (XIg)(w) = f(X(w),Ig(w)) for every w € ), we also know that X1 is o(o(X)UG)-measurable.

For every G € G and H € H, we know that XIg and [y are independent, since Iy is H-measurable. We also
know that |[E(X | G)|Ig and Iy are independent, since G C o(o(X) UG).

For every G € G and H € H, because XIg € L1(Q, F,P), |[E(X | §)|Ig € £L(Q, F,P), and I € L}(Q, F,P),

E(X: G N H) = E(XIaly) = E(X16)E(Ly) = E(E(X | §)I6)E(Ly) = E(E(X | §)llely) = E(E(X | )G N H).

Consider the set Z={GNH | G € G and H € H}. Suppose that (G; N Hy) € Z and (G2 N Hs) € Z, and note
that (G1 N Hy) N (Gy N Hy) = (G N G2) N (Hy N Hs). Because (G1 NG2) € G and (Hy N Ha) € H, we know that
((Gi N Hy) N (G2 N Hy)) € Z, so that T is a w-system.

Since 2 € G, we know that H C Z. Since Q2 € H, we know that G C Z. Therefore, G UH C Z, so that
oc(GUH) C o(Z). For every G € G and H € H, we know that (GN H) € (G U®H). Therefore Z C o(GUH), so
that o(Z) C 0(G UH). In conclusion, 0(Z) = o(G UH).

Consider the measure (XP) : F — [0, 00] given by (XP)(A) = E(X; A) and the measure ([E(X | G)|P) : F —
[0, 00] given by (|E(X | §)|P)(A) = E(JE(X | G)|; A). For every I € Z, we know that (XP)(I) = (JE(X | G)|P)(I).
In particular, we know that (XP)(2) = E(X) = (JE(X | G)|P)(R2) < co. Therefore, from a previous result, we
know that E(X14) = E(JE(X | G)|I4) for every A € 0(G UH). Because |[E(X | G)| is 0(G U H)-measurable and
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E(JE(X | G)|) = E(X) < oo, we know that |[E(X | G)| = E(X | o(GU®H)) almost surely. Since |[E(X | G)| =E(X | G)
almost surely, this step is complete.

Finally, suppose X € £1(Q, F,P). Recall that X = XT — X~ where Xt € £1(Q, F,P) and X~ € L1(Q, F,P)
are non-negative. By the linearity of the conditional expectation,

PEX |c(GUH))=EXT|o(GUH))—EX |o(GUH))=EXT|G)—EX |G =E(X|Q9)) =1,

where we used the fact that o(c(XT)UG) Co(o(X)UG) and o(a(X ") UG) Co(a(X)UQ).
O

Proposition 10.19. Consider a random variable X € £}(Q, F,P) and a o-algebra H C F. If H and o(X) are
independent, then E(X | #) = E(X) almost surely.

Proof. Let G = {0,Q}. Using the previous result, we know that E(X | #) = E(X | G) almost surely. Based on a
previous result, we know that E(X) = E(X | G) almost surely. O

Definition 10.3. Consider the probability triple (2, F,P) and a o-algebra G C F. For every F € F, we let P(F' | G)
denote a version of the conditional expectation E(Ir | G) of I given G, so that P(F'| G) = E(Ir | G) almost surely.
Note that P(F | {0,Q}) = E(Ig | {0,Q}) = E(Ig) = P(F) almost surely.

Proposition 10.20. Consider a probability triple (2, F,P) and the random variables Irp : Q@ — {0,1} and Z :
Q — Z, where F € F and Z = {z1,...,2,}. Furthermore, suppose P(Z = z) > 0 for every z € Z. Recall that if
E:Z —0,1] is given by

CPp=1,Z=2) PFEN{Z=2z})
Bz) = ?P’(Z:z) T PZ=2

then Eo Z =E(Ip | Z) =P(F | Z) almost surely.

Proposition 10.21. Consider a sequence of events (F,, € F | n € N) such that F,, N F,,, = 0 for every n # m. In
that case, P(J,, Fr | G) = >_,, IaP (F, | G) almost surely, where A € G is a set such that P(A) = 1.

Proof. For every k € N, by the linearity of conditional expectation,
k k k k
((Ur19) <2 (un16) == (300 16) - X x0n 10 =3 10)) -1

1= 1= 1= 1=

Because HU;C:O r, 11y, r, with respect to k, by the conditional monotone-convergence theorem,

k
P <Z]IA]P’(Fn 1G) = lim S LiP(Fi|G) = lim E(T x5 |G)Ta=E(Iy, 5, | 6) —IP(UFn | g)) =1,
n =0 n

where A € G is a set such that P(A) = 1. O

Definition 10.4. Consider the probability triple (©2, F,P) and a o-algebra G C F. A function Pg : Q x F — [0, 1]
is called a regular conditional probability given G if

e There is a set A € F such that P(A) = 1 and, for every w € A, the function Pg(w,:) : F — [0,1] is a
probability measure on (2, F).

e For every F € F, the function Pg(-, F) : Q — [0, 1] is a version of the conditional expectation E(Ir | G) of I
given G, so that Pg(-, F) =P(F | G) = E(Ir | G) almost surely.

It can be shown that a regular conditional probability given G exists under very permissive assumptions.

Proposition 10.22. Consider the probability triple (2, F,P), a bounded Borel function h : R” — R, and the
independent random variables X1, Xo,..., X,. Let h(X1,Xs,..., X,) : @ = R be given by

h(X1, Xo, ..., Xp)(w) = h(X1 (), Xa(w), .., Xn(w)).

64



Furthermore, for every 1 € R, let h(z1, Xa,...,X,) : @ — R be given by
h(zy, Xo, ..., Xp)(w) = h(zy, Xo(w), ..., Xn(w)).
Finally, let v : R — R be given by
Y(z1) = E(h(z1, X2y ..., Xpn)).
In that case, v(X1) = E(h(X1, Xa,...,X,) | X1) almost surely, where v(X;) = v o Xj.

Proof. For every (z1,%2,...,2,) € R let hy, : R*"™! — R be given by hy, (72,...,2,) = h(x1,72,...,25),
and recall that h,, is a bounded Borel function. Furthermore, recall that the function Z : & — R" given by
Z(w) = (X1(w), Xa(w), . .., Xn(w)) is F/B(R)"-measurable and that the function Y : Q — R"~! given by Y (w) =
(X2(w), ..., Xp(w)) is F/B(R)"-measurable.

For every 1 € R, note that h(Xy, Xo,...,X,) = ho Z and h(z1, Xs,...,X,) = hy, oY. Because h and h,,
are Borel, for every B € B(R), we know that Z~'(h™*(B)) € F and Y (h;'(B)) € F. Because h and h,, are
bounded, h(X1, Xa,...,X,) € LY, F,P) and h(z1, Xo, ..., X,) € LY(Q, F,P).

For every k € {1,...,n}, let £y : B(R) — [0,1] denote the law of Xj. Because the random variables
X4, Xo,...,X, are independent, recall that the joint law of X;, X;11,...,X,, is given by £; X L;41 X -+ X L.

For every 1 € R, because a previous result for laws extends to joint laws,

w<x1>=/h<x1,x2,...,xn> dP=/<hmoY> dP=/ hoy d(Ls % -+ % L),
Q Q R

n—1

Because h,, is a bounded Borel function,

’y(xl):/Ro~/Rh(xl,:c2,...,xn)ﬁn(d:cn)~~£2(d:c2),

which also implies that « is B(R)-measurable, so that v(X7) is o(X;)-measurable.
For every B € B(R), recall that Iy-1p) = I5(X;). Therefore, for every X *(B) € o(X1),

/ h(Xl,XQ, e ’X”)]IXfl(B) dP = / h]IB(pl) d(£1 X oo X En)
Q Rn

Because hlg(p1) is bounded Borel function,

/h(Xl,Xg,...,Xn)I[Xfl(B) dIP’:/I[B(xl) [/~-~/h(ml,xg,...,xn)ﬁn(daxn)---,Cg(dxg) L1 (da).
Q R R R

Using the previous expression for v(z1) and a previous result for laws,

/h(XlaX27aXn)]IXf1(B) d]P):/]IB(zl)fY(xl)El(d«rl):/’Y(Xl)ﬂxfl(B) d]P
Q R Q

Because E(v(X1)) = E(h(X1, X2,...,X,)) < 00, the proof is complete.
O

Proposition 10.23. Consider a measurable space (2, F) and the sequence of o-algebras (F,, C F | n € NT). For
every n € Nt let Z, = {NI"_, F; | F; € F; for every i € {1,...,n}}. In that case, Z = U, Z,, is a m-system on € such
that 0(Z) = o(F1, Fa,...), where o(F1, Fa,...) = c({F1, Fa,...}) = o(UpFn).

Proof. For some n € NT, consider the sets B € Z,, and C € Z,, such that B = N, F; and C = NI, F/, where
F; € F; and F] € F; for every i € {1,...,n}. In that case,

BNC = (ﬂ F> N (ﬂ F{) =((FinE).
i=1 i=1 i=1
Because (F; N F!) € F; for every i € {1,...,n}, we know that (BN C) € Z,,. Therefore, Z,, is a m-system on .
Because Q € F,, for every n € NT, we know that Z,, C Z,,+1 . Therefore, Z = U,,Z,, is also a m-system on {.

Since Q € F, for every n € NT, we also know that F,, C T for every n € NT. Therefore, U,F,, C Z and
o(UnFn) C o(Z). Consider a set (N, F;) € Z, where m € N* and F; € F; for every i € {1,...,m}. Clearly,
F; € U, F, for every i € {1,...,m}. Because o(U,F,) is a o-algebra, we know that (N, F;) € o(U,Fy), which
implies Z C o(U,Fy,) and o(Z) C o(UpFr).

O
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Proposition 10.24. Consider a probability triple (2, F,P) and the sequence of independent o-algebras (F,, C F |
n € NT). In that case, o(Fy,...,Fx) and o(Fxi1, Frr2,--.) are independent for every k € NT.

Proof. From the previous proof, we know that Z = {NF_ | F; | F; € F, for every i € {1,...,k}} is a m-system on
such that o(Z) = o(Fi,...,Fx). We also know that J = un{mfﬁglﬂF | F; € Fiforeveryi € {k+1,...,k+n}}
is a m-system on € such that o(J) = o(Frt1, Frt2s---)-

Consider a set (N*_,F;) € Z, where F; € F; for every i € {1,...,k}, and a set (N fﬁ&_l ;) € J, where n €
N* and F; € F; for every i € {k+1,...,k+ n}. Because F1,..., Fxin are independent,

((07) (0 7)) = (e (I ) =#(01e) (7]

which implies that Z and J are independent. Because o(Z) and o(J) are then independent, the proof is complete.
O

Proposition 10.25. Consider a probability triple (2, F,P) and a sequence of independent identically distributed
random variables (X,, : & — R | n € NT), each of which has the same law Lx as the random variable X €
LY(Q, F,P). Let S, :  — R be a random variable given by S,, = X7 + -+ + X,,. In that case,

Sn
E(Xy | Sn) =E(Xk | Sn, Sntt,--.) = o

almost surely, where n € N* and k € {1,...,n}.

Proof. We will start by showing that o(S,, Sp+1,-..) = 0(Sn, Xni1, Xnto,...) for every n € N*. For every i € NT,
note that S, 1; = Sp, + Xp11 + -+ + Xy, so that 0(S,4i) € 0(Sn, Xnt1, Xnta,-..). Therefore, 0(Sy, Spt1,...) C
(Sn, Xnt1, Xni2,-..). For every i € Nt note that X,1; = Spis — Snri_1, so that 0(X,14) C 0(Sn, Snat,---)-
Therefore, o(Spn, Xn+1, Xnt2,---) € 0(Sny Snt1s---)-

Next, we will show that o(S,,, Xx) and 0(X,, 41, Xpn12, . .) are independent for every n € Nt and k € {1,...,n}.
Note that o(Sy) C o(X1,...,X,). Therefore, o(Sp, Xx) C o(X1,...,Xn). From a previous result, we know that
o(X1,...,X,) and 0(X,41, Xpnto, .. .) are independent, so that o(S,, Xi) and (X, +1, Xn+2,...) are independent.

By considering this independence, for every n € N* and k € {1,...,n},

E(Xk | SnySnt1s---) = E(Xk | Sny Xnt1, Xng2,...) =E (X | Sn)

almost surely.
For every n € N, recall that I 1) = Ip(5n) forall B € B(R). Since X € L£Y(Q, F,P) forevery k € {1,...,n},

Xilg-1(p) dP = | Xylp(Sn) dP = [ fB(Xk, X1,. ., Xp—1, Xpg1, .., Xp) dP,
Q Q Q

where fp : R™ — R is a Borel function given by fg(z1,...,2n) = x1lp(x1 + -+ zp).
Because a previous result for laws extends to joint laws and X, ..., X, are independent,
/QX’CHS,TI(B) dP = A fB dﬁxk,Xl,_..,Xk,l,XkJFl,..A,Xn = . fB d[,}

Therefore, for every n € N*, B € B(R), S,,;1(B) € 0(S,), and i,j € {1,...,n},

/E(Xi | Sn)Ig-1p) d[@:/xiﬂsgl(B) d]P’:/ /5 dL% :/XjHSJI(B) d[P’:/JE(XHSn)HS;l(B) dP,
Q Q R Q Q

so that E(X; | S,,) = E(X; | S,,) almost surely.
Finally, for every n € Nt and k € {1,...,n},

E(Xg | 5,) ZEXk\s S B(X|5,) (ZX|S> E(S, | 50) = S,

i=1

almost surely, so that E(X} | S,,) = S, /n almost surely.
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Proposition 10.26. Consider a probability triple (€2, F,P), the random variables X : - R and Y : Q2 — N, and
a Borel function & : R — R such that E(|h(X)|) < co. Consider also a sequence of probability measures (P, | n € N)
on the measurable space (R, B(R)). If P(X € B |Y) = Py (B) almost surely for every B € B(R), then almost surely

B(h(X) V) = liymy [ h(o) Pyfdo) = [ o) Py(da),

R

Proof. First, suppose that h = I for some B € B(R). Almost surely,
E(I5(X) | V) = E (Iixen | V) IR WIS | 1(@) Pe).

Next, suppose that h is a simple function that can be written as h = 2211 arla, for some fixed a1, as,...,am €
[0,00] and Ay, Ag, ..., Ay € B(R). If E(h(X)) < oo, almost surely,

E (Zak]IAk_(X) | Y) = ZakZH{yzy}/hk Z]I{y y}/Zak]IAk(x) P,(dz).
k=1 k=1 Yy k=1

Next, suppose that h is a non-negative Borel function such that E(h(X)) < oco. For any n € N, consider the
simple function h,, = «a,, o h, where «,, is the n-th staircase function. Almost surely, since h,(X) 1 h(X),

n— oo n— oo

E(h(X)|Y):E<lim ha(X )\Y) = lim E(h,(X) |Y) = lim ) H{y:y}/hn(m) P, (dz).
Since h,, T h, by the monotone-convergence theorem, almost surely,

E(A(X)[Y)=> Ty—y lim Rhn(x) Py(dx) =Y Tiy—y /R h(z) P,(dz).

Finally, suppose that h = h™ — h™ is a Borel function such that E(Jh(X)|) < oco. Recall that E(hT (X)) < co
and E(h™ (X)) < oo. Therefore, almost surely,

E(h(X) | Y) = (Z v [ (@) Py<dx>> - (Z L [ (@) Py<dx>> .

By the linearity of the integral, almost surely,

E(h(X)|Y) = Iy / (W (2) = b~ () Pyldr) =Y vy / h(x) P,(dx).

11 Martingales

Definition 11.1. Consider a probability triple (2, F,P). A filtration (F,), is a sequence (F,, € F | n € N) of
o-algebras such that F,, C F,11 for every n € N. In that case, we let Foo = o(Fo, Fi1,...) = J(U Fn)-

Definition 11.2. A filtered space (2, F, (Fn)n,P) is composed of a probability triple (€2, F,P) and a filtration
(Fr)n-

Intuitively, at a given time n € N, for every w € €2, recall that knowing Iz (w) for every F,, € F,, allows knowing
Zn(w) for every F,-measurable random variable Z,,.

For any set C, recall that a set (or sequence) of random variables Y = (Y, | v € C) on a probability triple
(Q, F,P) is called a stochastic process (parameterized by C).

Definition 11.3. Counsider a probability triple (€2, 7,P). The natural filtration (F,,), of the stochastic process
(W, | n € N) is given by F,, = c(Wo, ..., W,) for every n € N.
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Intuitively, at a given time n € N, for every w € Q, recall that knowing Iy (w) for every F, € o(Wy,...,W,) is
equivalent to knowing Wy (w), ..., Wy (w).

Definition 11.4. Consider a filtered space (Q, F, (F)n,P). A stochastic process (X,, | n € N) is called adapted
(to the filtration (Fy),) if X, is F,-measurable for every n € N.

Note that if (F},), is the natural filtration of the stochastic process (W,, | n € N), then there is a Borel function
ot R™ 5 R such that X, = fn(Wo, ..., Wy).
Cousider a filtered space (9, F, (Fp)n, P).

Definition 11.5. A stochastic process (X, | n € N) is called a martingale if (X,, | n € N) is adapted; E(|X,,|) < oo
for every n € N; and E(X,, | F,_1) = X,,_1 almost surely for every n € N*.

Definition 11.6. A stochastic process (X,, | n € N) is called a supermartingale if (X,, | n € N) is adapted,;
E(|X,|) < oo for every n € N; and E(X,, | F,,—1) < X,,—1 almost surely for every n € N*.

Definition 11.7. A stochastic process (X, | n € N) is called a submartingale if (X,, | n € N) is adapted;
E(|X,|) < oo for every n € N; and E(X,, | F,—1) > X,,—1 almost surely for every n € NT.

Proposition 11.1. Consider an adapted stochastic process (X,, | n € N) and suppose that E(|X,,|) < co for every
n € N. For every n € NT, note that E(X,, | F,—1) = X,,_1 almost surely if and only if E(X,, | F,,—1) < X,,-1 <
E(X,, | Frn—1) almost surely. Therefore, (X, | n € N) is a martingale if and only if (X, | n € N) is a supermartingale
and a submartingale.

Proposition 11.2. If (X,, | n € N) is a supermartingale, then (=X, | n € N) is adapted; E(| — X,|)

]|E(\Xn|) <00

for every n € N; and E(—X,, | F,_1) > —X,,_1 almost surely for every n € N*. Therefore, (—X,, | n € N) is a
submartingale.

Proposition 11.3. If (X,, | n € N) is a submartingale, then (—X,, | n € N) is adapted; E(| — X,|) = E(|X,|) < o0
for every n € N; and E(—X,, | F_1) < —X,,—1 almost surely for every n € Nt. Therefore, (—X,, | n € N) is a

supermartingale.

Proposition 11.4. Consider an adapted stochastic process (X,, | n € N) and suppose that E(|X,|) < co for every
n € N. Furthermore, consider the stochastic process (X, — Xo | n € N). Because X,, — Xy is F,,-measurable for
every n € N, we know that (X,, — Xo | n € N) is adapted. Because L£(£, F,P) is a vector space, we know that
E(|X,, — Xo|) < oo for every n € N. By the linearity of conditional expectation,

E(Xn - XO ‘ -Fn—l) = E(Xn | fn—l) - ]E(XO ‘ ]:n—l) = E(Xn | fn—l) - XO
almost surely for every n € N*. Therefore:

e For every n € Nt E(X,, | F,—1) = X,,—1 almost surely if and only if E(X,, — X | Fn—1) = X,,—1 — Xo almost
surely. Therefore, (X,, | n € N) is a martingale if and only if (X,, — X | n € N) is a martingale.

e For every n € NT, E(X,, | F,,_1) < X,,_1 almost surely if and only if E(X,, — Xo | Fr_1) < X,,_1 — X almost
surely. Therefore, (X,, | n € N) is a supermartingale if and only if (X,, — X | n € N) is a supermartingale.

e For every n € NT, E(X,, | F,,_1) > X,,_1 almost surely if and only if E(X,, — Xo | Fr_1) > X,,_1 — X almost
surely. Therefore, (X, | n € N) is a submartingale if and only if (X,, — Xo | n € N) is a submartingale.

Consequently, it is common to assume that a stochastic process (X,, | n € N) has Xy = 0 and Fy = {0, Q}.
Proposition 11.5. If (X,, | n € N) is a martingale, n € N*, and m < n, then
E(Xo [ Fm) = E(Xo | Foor [ Fn) = E(E(Xn | Fr1) | Fin) = E(Xn1 | Fin)
almost surely. Therefore, almost surely,
E(Xp | Fn) =E(Xn—1 | Fn) = ... =E(Xpng1 | Fn) = E(Xin | Fin) = X
Proposition 11.6. If (X,, | n € N) is a supermartingale, n € N*, and m < n, then
E(Xo [ Frm) = E(Xo | Froa [ Fn) = E(E(Xn | Fr1) | Fin) S E(Xn1 | Fin)
almost surely. Therefore, almost surely,

E(Xy | Fm) SEXn_1 | Fm) <o SE(Xony1 | Fn) SE( X | Fin) = X

68



Proposition 11.7. If (X,, | n € N) is a submartingale, n € N, and m < n, then
E(Xn | Fm) = B(Xo | Fu1 | Fin) = E(E(Xy | Fooa) | Fin) 2 B(Xno1 | Fin)
almost surely. Therefore, almost surely,
E(Xp | Fn) 2 E(Xp—1| Fn) = ... 2 E(Xpg1 | Fn) = E( X | Fin) = X
The next three examples illustrate the definition of martingales.

Proposition 11.8. Consider a probability triple (2, F,P), a sequence of independent random variables (X,, €
LY(Q,F,P)) | n € NT), and suppose that E(X,,) = 0 for every n € N*. Let S, = X1 +--- + X,, for every n € NT
and So = 0. In that case, (S, | n € N) is a martingale.

Proof. Let F,, = 0(X1,...,X,) for every n € Nt and Fy = {0,Q}. Clearly, (S, | n € N) is adapted to the filtration
(F)n- Because L£1(, F,P) is a vector space, S, € L1(Q, F,P) for every n € N. For every n € NT,

E(Sn | ]:n—l) - E(Sn—l + Xn | Fn—l) - E(Sn—l | -7:71—1) +E(Xn ‘ ]:n—l) - Sn—l +E(Xn) - Sn—l

almost surely, where we used the fact that o(X,,) is independent of F,,_; for every n € NT.
O

Proposition 11.9. Consider a probability triple (2, F,P), a sequence of independent random variables (X,, €
LY(Q,F,P) | n € NT), and suppose that E(X,,) =1 for every n € N*. Let M,, = X; ----- X, for every n € Nt and
My = 1. In that case, (M, | n € N) is a martingale.

Proof. Let F,, = o(Xy,...,X,) for every n € NT and Fy = {0,Q}. Clearly, (M,, | n € N) is adapted to the
filtration (F,),. Because X1,..., X, are independent, M, € L}(Q, F,P) for every n € N. For every n € N*t,

E(Mn ‘ ]:nfl) = E(Mnlen | -anl) = MnflE(Xn | fnfl) - Mnfl]E(Xn) = Mnfl
almost surely, where we used the fact that o(X,,) is independent of F,,_; for every n € N7. O

Proposition 11.10. Consider a filtered space (€2, F, (F,,)n,P) and a random variable ¢ € £1(Q, F,P). Let M,, =
E(¢ | F,) almost surely for every n € N. In that case, (M, | n € N) is a martingale.

Proof. Clearly, (M, € LY(Q, F,,P) | n € N) is adapted to the filtration (F,),. For every n € N*,
E(My | Fr1) = E(E(E | Fn) | Fror) = E(E | Fn | Foor) = E(€ [ Fro1) = My
almost surely. O
Consider a filtered space (Q, F, (Fp)n, P).
Definition 11.8. A stochastic process (C,, | n € N) is called previsible if C), is F,,_1 measurable for every n € NT.

Note that if (F,,), is the natural filtration of the stochastic process (W,, | n € N), then there is a Borel function
gn : R" — R such that C,, = g,(Wo, ..., W,,_1) for every n € NT.

Definition 11.9. The martingale transform (C e X) of an adapted process X = (X, | n € N) by a previsible
process C' = (C,, | n € N) is the adapted process ((C ® X),, | n € N), where (C ® X)o = 0 and

(CoX)y =) Cp(Xy— Xp_1)
k=1

for every n € NT.

Note that (C e X), = (C e X),,_1 + Cp(X,, — X,,_1) for every n € N*.
The following example illustrates the definition of martingale transform.

Example 11.1. For every w € ), suppose that X,,(w)—X,,_1(w) represents the profit per unit stake in round n € N*
of a game. In that case, Cp,(w) can be interpreted as the amount stake in round n € NT by a particular gambling
strategy C. For every n € Nt and w € , the amount stake C),(w) may rely on knowledge about I, ,(w) for
every F,,_1 € F,_1, which includes at the very least knowledge about Xy (w),..., X,,—1(w) and Cy(w),...Cph_1(w).
Finally, in this setting, (C' ® X),,(w) represents the profit after n € N rounds. Note that:
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e If (X,, | n € N) is a martingale, then E(X,, — X,,_1 | Fro1) = E(X,, | Fuo1) — Xpn—1 = 0 almost surely for
every n € NT,

e If (X,, | n € N) is a supermartingale, then E(X,, — X,,_1 | Fn-1) = E(X,, | Fnm1) — Xn—1 < 0 almost surely
for every n € NT.

e If (X, | n € N) is a submartingale, then E(X,, — X,,_1 | Fr—1) = E(X,, | Fn—1) — Xpn—1 > 0 almost surely for
every n € NT,

Proposition 11.11. Consider an adapted process X = (X, | n € N) and a previsible process C = (C,, | n € N).
If C,, € £L2(Q, F,P) and X,, € L%(Q, F,P) for every n € N, then C,,(X,, — X,,_1) € L}(Q, F,P) for every n € N*.

Proof. Since £%(Q, F,P) is a vector space, (X, — X,,—1) € L2(Q, F,P) for every n € NT. By the Schwarz inequality,
Co(Xn — Xn_1) € L1, F, P). 0

Proposition 11.12. Consider an adapted process X = (X,, | n € N) and a previsible process C = (C,, | n € N).
If |Cn] < K and E(|X,,|) < oo for every n € N and some K € [0,00), then C,,(X,, — X,,—1) € LY(Q, F,P) for every
n e NT.

Proof. Since |Cy|| Xy, — Xp—1] < K| X, — X,,_1] for every n € N, we know that E(|C,,(X,, — X,,—1)|) < KE(|X,, —
X, —1]). Because £1(2, F,P) is a vector space, we know that C,, (X, — X,,_1) € L1 (Q, F,P). O

Proposition 11.13. Consider an adapted process X = (X,, € £L1(Q,F,,P) | n € N) and a previsible process
C = (C,, | n € N). Furthermore, suppose that C,,(X,, — X,,_1) € £L(Q, F,P) for every n € N*.

First, recall that (C e X) is adapted. Because (C' @ X)g =0 and (Ce X), = (CeX),_1+ C,(X,, — X,,_1) for
every n € Nt we know that (C e X),, € L}(Q, F,P) for every n € N. Finally, for every n € Nt

E((C. X)n ‘ ]:n—l) = E((C‘X)n—l + On(Xn - Xn—l) | fn—l) == (C L4 X)n—l + CnE(Xn - Xn—l ‘ ]:n—l)
almost surely. Therefore:

e If (X,, | n € N) is a martingale, then, E((C @ X),, | F,,_1) = (C ® X),,_; almost surely for every n € N*, so
that (C' e X) is a martingale.

e If (X,, | n € N) is a supermartingale and C is non-negative, then E((C @ X),, | F—1) < (C @ X),,_1 almost
surely for every n € Nt so that (C e X) is a supermartingale.

e If (X,, | n € N) is a submartingale and C' is non-negative, then E((C' ® X),, | Fp—1)
surely for every n € N so that (C e X) is a submartingale.

Consider a filtered space (2, F, (Fpn)n, P).
Definition 11.10. A function T : @ — N U {oo} is called a stopping time if {T' < n} € F,, for every n € NU {oo}.

Y

(C o X)p,—1 almost

Intuitively, for every w € Q and n € NU {oo}, knowing I, (w) for every F,, € F, allows knowing whether
T(w) <n.

Proposition 11.14. The function T : Q@ — N U {oco} is a stopping time if and only if {T' = n} € F, for every
n € NU {oco}.

Proof. If T is a stopping time, then {T' < n} € F,, and {T < n —1}° € F, for every n € N. Because {T =
n} ={T < n}Nn{T > n—1}, we know that {T' = n} € F,. Furthermore, {T = oo} = N, {T < n}°, so that

{T = o0} € Fuso.
If {T =n} € F, for every n € NU {00}, the fact that {T' < n} = Up<,{T = k} and {T = k} € F, for every
k < n implies that {T' < n} € F,. O

The following example illustrates the definition of stopping time.

Proposition 11.15. Consider an adapted process (A, | n € N) and a set B € B(R). Let the function 7' :  —
NU{cc} be given by T'(w) = inf{n € N | 4,,(w) € B}, so that T'(w) =inf @ = co if A,,(w) ¢ B for every n € N. For
every n € N,

{T<n}={weQ| Ax(w) € B for some k <n} = U{w€Q|Ak(w)€B}: UA;l(B).

k<n k<n

Because Ay, is F,,-measurable for every k < n and {T' < co} € Fiy, we know that T is a stopping time.
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Proposition 11.16. Consider an adapted process (X,, | n € N) and a stopping time T'. For some a € R, consider
the set A given by

A={we Q| T(w) < oo and X7, (w) < a}.
In that case, A € F.

Proof. By definition,

A= U{w€Q|T(w):kanka(w)§a}: U{T:k}ﬂ{nga}.
keN keN

Because {T' =k} N {Xy < a} € Fy, for every k € N, we know that A € F. O

Definition 11.11. Counsider an adapted process X = (X,, | n € N) and a stopping time 7. The stopped process
X7 is the adapted process (X[ | n € N). For every n € N, the random variable X! : Q — R is given by

X (w), if n < T(w),

XT = Xmin w),n =
(W) (T(w)m) (W) {XT(W)(W% if n > T(w).

Proposition 11.17. The stochastic process X T defined above is indeed adapted to the filtration (F,,).,.
Proof. For every n € N and a € R,
(XI'<a}={weQ|n<T(w)and X, (w) <alU{w e Q|n>T(w) and X7(w)(w) < a}.

Let A; denote the first set on the right side of the previous equation and A, denote the second set.
Because {n < T} ={n—-1>T}°€ F, and {X,, < a} € F,, we know that A; € F,. Regarding A, note that

Ay ={n>T}N{we Q| T(w) < oo and Xp(,)(w) < a}.
Using a previous result,
Ay ={n>TIn | J{T =k} n{Xx <a} = [ J{n > T} {T =k} n{Xi <a} = |J{T =k} n{Xi < a}.
kEN kEN k<n

Because {T = k} N {X} < a} € F, for every k < n, we know that Ay € F,. Therefore, {X! < a} € F, for
every n € N and a € R, so that X is F,,-measurable.
O

Proposition 11.18. Consider the adapted process X = (X, | n € N), the stopping time T, and the process
C = (Cn | n € N), where C,, = I,,<py for every n € N. Note that C is previsible, since {n < T} = {n —1> T}°
and {n —1>T}° € F,_; for every n € N*, which implies that I, <7} is F,,_1-measurable.

Now consider the martingale transform (C e X) = ((C @ X),, | n € N), so that (C e X)o = 0 and

min(7T (w),n)

(CoX)n(w) =D Tpery (W) (Xp(w) = Xp1(w) = Y Xp(w) = Xp1(w)
k=1 k=1
for every n € Nt and w € . By reorganizing terms,
min(T(w),n) min(T(w),n)—1
(C L X)’ﬂ(w) = Z Xk(w) - Z Xk(w) = Xmin(T(w),n) (w) - XO(W)
k=1 k=0

for every n € Nt and w € Q. Therefore, (C o X),, = X! — Xg = XI — X for every n € N.
Proposition 11.19. When combined with previous results, the result above implies the following:

e If (X,, | n € N) is a martingale and T is a stopping time, then E(X! — XI' | F,,_1) = XTI | — XTI almost
surely for every n € N*, so that the stopped process X7 is a martingale.
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e If (X, | n € N) is a supermartingale and 7 is a stopping time, then E(X! — XTI | F,_1) < XTI , — X[ almost
surely for every n € N*, so that the stopped process X7 is a supermartingale.

e If (X, | n € N) is a submartingale and T is a stopping time, then E(X! — XT | F,_1) > XTI | — X1 almost
surely for every n € N*, so that the stopped process X7 is a submartingale.

Definition 11.12. Consider an adapted process X = (X, | n € N) and a stopping time 7. The function
X7 :Q — R is given by

XT(w) (w), if T(w) < 00,

Xr(w) = {0, it T(w) =

Proposition 11.20. The function X7 defined above is F,.-measurable.
Proof. For every a € R,
{Xr<a}={weQ|T(w) <ooand Xpq,(w) <a}U{weQ|T(w)=oc0and0 < a}.

Let A; denote the first set on the right side of the previous equation and As denote the second set. We have
already shown that A; € Fo. If a > 0, then Ay = {T = co}. Otherwise, if a < 0, then Ay = (). In either case,
As € Foo. Therefore, { X1 < a} € F, for every a € R, so that X7 is F.-measurable.

O

Theorem 11.1 (Doob’s optional-stopping theorem). Consider a supermartingale X = (X,, | n € N), a stopping
time 7', and suppose at least one of the following:

1. The stopping time T is bounded, so that ' < N for some N € N.

2. The stopping time 7T is almost surely finite, so that P(T" < oo) = 1, and the stochastic process X is bounded,
so that | X,,| < K for every n € N and some K € [0, 00).

3. The stopping time T has finite expectation, so that E(T) < oo, and the stochastic process X has bounded
increments, so that |X,, — X,,_1| < K for every n € Nt and some K € [0, 00).

In that case, E(|X7|) < 0o and E(X7) < E(Xj).

Proof. First, recall that the stopped process X7 is a supermartingale. Therefore,
E(X))Io = E(X, [ {0,9}) = E(E(X, | Foor) [{0,9}) <E(X_, | {0,9Q}) = E(X,_))lo,

almost surely for every n € N*, which implies that E(X!) < E(XI ) <. <E(X{) < E(X{) for every n € N*t.
Suppose that the stopping time T is bounded, so that 7' < N for some N € N. In that case, for every w € ),

Xr(w) = Xp(w) (W) = Xmin(r(w),n) (W) = XJY\;(W)~

Because X7 = X7, we know that E(]X7|) < co. From the previous result, E(X7) = E(X%) < E(X]) = E(X)).

Suppose that the stopping time T' is almost surely finite, so that P(T < oo) = 1, and the stochastic process
X is bounded, so that | X, | < K for every n € N and some K € [0,00). Because P(T < co) = 1, we know that
P (limn_)oo XTI = XT) = 1. Therefore, by the bounded convergence theorem, we know that E(|Xr|) < oo and
lim,, oo E(XI) = E(X7). Because E(XI) < E(Xj) for every n € N*, we know that E(Xr) < E(X)).

Finally, suppose that the stopping time T has finite expectation, so that E(T") < oo, and the stochastic process
X has bounded increments, so that |X,, — X,,_1| < K for every n € Nt and some K € [0, 00).

Because E(T') < oo implies P(T' < 00) = 1, we know that P (limy, . X,/ = X7) = 1. Therefore,

]P’(lim ngXO:XTfXO):l.

n—0o0

Note that | X! — X,| < KT for every n € N, since

min(7T(w),n) min(7T(w),n) min(7T (w),n)
Xr@) = Xowl=| Y  Xw-Xw|< D XKW -Xemw)l< Y K<KTw).
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Because E(KT) = KE(T) < oo, the dominated convergence theorem guarantees that E(| X7 — Xo|) < oo and
lim E(XI — Xo) = E(X1 — Xo),

n—oo

so that lim,, . E(XT) = E(X7). Because E(X1) < E(Xp) for every n € N*, we know that E(X7) < E(Xj).
O

Proposition 11.21. Consider a martingale X = (X,, | n € N), a stopping time 7', and suppose at least one of the
following:

1. The stopping time T is bounded, so that ' < N for some N € N.

2. The stopping time T is almost surely finite, so that P(T" < co) = 1, and the stochastic process X is bounded,
so that | X,,| < K for every n € N and some K € [0, 00).

3. The stopping time T has finite expectation, so that E(T) < oo, and the stochastic process X has bounded
increments, so that |X,, — X,,—1| < K for every n € Nt and some K € [0, 00).

In that case, E(|Xr|) < oo and E(X7) = E(Xj).
Proof. Because X is a supermartingale, we know that E(|X7|) < oo and E(X7) < E(Xj). Because X is a

submartingale, we know that —X = (—X,, | n € N) is a supermartingale, so that E(|(—X)r|) < oo and E((—X)r) <
E(—Xp). Since (—X)r = —X7, we know that E(X71) > E(Xy), which implies E(X7) = E(Xj). O

Proposition 11.22. Consider a martingale M = (M, | n € N) that has bounded increments, so that |M,,—M,_1| <
K, for every n € NT and some K € [0,00). Consider also a previsible process C' = (C,, | n € N) that is bounded, so
that |C,| < K for every n € N and some K5 € [0,00). Finally, consider a stopping time T with finite expectation,
so that E(T") < oo. In that case, E((C e M)r) = 0.

Proof. Note that |Cy,(M,—M,_1)| = |Cy||My,—M,,—1| < K1 K, for every n € NT, so that E(|C,, (M,,—M,_1)]) < .
Therefore, using a previous result, we know that (C e M) is a martingale.

Because |(C' e M),, — (C e M),,_1| = |Cp,(M,, — M,,_1)| < K1 K5 for every n € N, we know that (C e M) has
bounded increments. Therefore, using a previous result, we know that E(|(C e M)r|) < oo and

E((C e M)7) =E((C e M)o) =E(0) = 0.
O

Proposition 11.23. Consider a supermartingale X = (X,, | n € N) and a stopping time 7. Furthermore, suppose
that X,, > 0 for every n € N and that P(T' < oco) = 1. In that case, E(X7) < E(Xj).

Proof. Because P(T < co) = 1, we have P (lim,,_,oc X,/ = X7) = 1. By the Fatou lemma, E(X7) < liminf, . E(X]).

n

Because E(XI') < E(Xy) for every n € N, we know that E(X7) < E(Xj).

O
Proposition 11.24. For a random variable T': Q — NU {00},
o0 o0
E(T) =Y tP(T=t)=>Y P(T>1).
t=1 t=1
Proof. For every n € N, consider the simple function T}, : Q — {0,...,n} given by
" T(w), ifT(w)<n,
Th(w) = TTir<ny)(w) = i (w) =
(W) = (TLr<ny) (W) ; (r=1}(w) {07 i T(w) > n
Because T;, T T, the monotone-convergence theorem guarantees that E(7},) 1 E(T). Therefore,
E(T) = lim B(T,) = lim Y tE(lip—y) = lim Y tP(T =t) = tP(T =1).
n— oo n—oo n—o0
t=1 t=1 t=1
Using the previous result and reordering summations,
0o k 00 0o ') 0o 0o
E(T) = [21 P(T=k)=> > PT=k=Y Y PT=k=>» P <U{T k}) =Y P(T >1).
k=1 Lt=1 k=1t=1 t=1 k=t =1 k=t t=1
O
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Proposition 11.25. Suppose that T is a stopping time and that for some N € N* and some ¢ > 0
P(T <n+ N |F,) =Elir<nsny | Fn) > ¢
almost surely for every n € N. In that case, E(T) < occ.
Proof. For every k € NT,
P(T' > kN) =P({T > kN} n{T > (k = 1)N}) = E(lyr> iy Lir>x-1y)5y) = EEQrsenylir>@-1)ny | Fr—1)n))-
Because {T' < (k — 1)N}© € F_1)n, we know that I¢rs ,_1)ny 18 Fr—1)n-measurable. Therefore,
P(T > kN) = E(lirs o—0) Ny E(gr>eny | Fre—1)w))-

Let n = (k — 1)N, so that n + N = kN. From our assumption, E(Iyp<iny | Fe—1yn) > € almost surely.
Therefore, E(Iypsiny | Fr—1)n) < 1 — € almost surely, so that

P(T > kN) < (1 — OE(zs eonyy) = (1 — OP(T > (k — 1),
If k = 1, then
P(T>N)=1-P(I'<N)=1 _E(H{TgN}) =1- E(]E(H{TSN} | Fo)) <1-—ce.
By induction, for every k € N*,
P(T > kN) < (1 —€)".

Because each t € N can be uniquely written as ¢t = kN + 4 for some k € N and ¢ € {0,...,N — 1},

oo 0 co N—-1
Z]PT>t =Y P(I'>t)=> > P(T>kN +i).
=0 k=0 i=0
Because {T' > kN + i} C{T > kN} for every k € Nand i € {0,...,N — 1},
co N—-1 o0 N
> P(T>kN) = NZPT>kN NY (1—-of =— <o
k=0 i=0 k=0 k=0

O

Proposition 11.26. Consider a probability triple (Q2, F,P), a sequence of independent random variables (X, :
2 — {-1,1} | n € NT), and a random variable X : Q@ — {—1,1}. Suppose that P(X =1) =P(X = —1) = 1/2 and
that X,, has the same distribution as X for every n € N*. Furthermore, let Sy = 0 and S,, = X1 +- - -+ X, for every
n € NT. Finally, let T : Q@ — NU {oo} be given by T'(w) = inf{n € N| S, (w) = 1}. In that case, P(T < oo) = 1.

Proof. Consider the filtration (F,), where Fo = {0,Q} and F,, = 0(X1,...,X,) for every n € NT. Because S, is
Fn-measurable for every n € N, the process (S, | n € N) is adapted, so that T is a stopping time.
For every n € N* and 0 € (0,0), note that e?%» = eeﬂ{xnzl} + e‘eﬂ{xn:,l}. Therefore,

e? + e ?

E(e?Xm) = !P(X, = 1) + e "P(X,, = -1) = 5

For every n € NT and 6 € (0,00), let W,, = (2/(e 4+ e79))e?X= so that

E(W,) =E <2 eeX”> -z E(e?X) = 1.

0+ o0 0+ 0

Because W, is o(X,,)-measurable for every n € N*, the sequence (W,, | n € N*) is composed of independent
random variables. Now consider the stochastic process M = (M,, | n € N) where My =1 and

& 2 0X; 2 " 6S,,
M:m“mmznﬁﬂﬂe:{ﬁﬂﬂ>e
=1
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for every n € NT. From a previous result, we know that M is a martingale.
Let Y, = (2/(e? + e7%))" and Z,, = €%~ for every n € N, so that M,, = Y,,Z,. Since Y = (Y, | n € N) and
Z = (Z, | n € N) are adapted, the stopped processes Y1 = (Y,I' | n € N) and Z7 = (ZI | n € N) are given by

and Zy (@) = Zmin(T(w) my (W) = Pomincrem (©)

9 min(T(w),n)
e? + 69>

YnT(w) = Ymin(T(w),n) (W) = (
for every n € N and w € Q. Furthermore, the stopped process M? = (M | n € N) is given by

Myj;(w) = Mmin(T(w),n) (W) = Ymin(T(w),n) (w>Zmin(T(w),n) (w) = YnT (W)ZZ; (UJ)

for every n € N and w € Q. Since M7 is a martingale, E(M!) = E(M{) = 1 for every n € N.
For every n € N and w € €, note that Syin(7(w),n)(w) < 1. Since 6 € (0,00), note that ZI' < e and V,I' <1, so
that M < e?. For every w € Q, consider the limit

9 min(7T(w),n)
lim Mg(w) — lim ( - 0) 0 Smin(T(w).n) (W)
n—o0 n—oo \ eV + e~
First, suppose that T(w) < co. In that case,
T 2 T o (@) 2 e
i = 1 - TyWw) = [ 2
nlgI;oM” (w) nhﬁn;(} (69+e—9> e (69_1_6_9) e,

since Sty (w) = 1.
Second, suppose that T'(w) = oo. In that case, we know that S, (w) < 1 for every n € N, so that

2 " 0sn(w) 2 "
<(—"— nw) < (2
0= <69+e_9> © — \e? +ef €

for every n € N and 6 € (0,00). Because 0 < (2/(e? + e=?)) < 1 for every 6 € (0,00),

2 " 2 "
: - 0 _ 0 1; - —
nlll;rolo (69 + eb‘) € € nh_?;o (69 + 69) 0.

Therefore, when T'(w) = oo,

, . 2 " w
lim Mg(W) = lim (W) 695"( ) =0.

n—oo n— oo

For every 0 € (0,00), let Yp 1 : Q — [0,00) denote a random variable given by

#)T(“) it 7
Yo, r(w) = (€9+€’9 » HT(W) <oo,
0, if T(w) = oo.

Using the previous result,

lim MT =Yy r.

n—oo
Since |MT| < €Y for every n € N, by the bounded convergence theorem,

lim E(MI) =1=e"E(Yy7),

n—oo

so that E(Yy 1) = 1/e’.
Finally, consider a sequence (6,, € (0,00) | n € N) so that 6, | 0. In that case,

{1, if T(w) < oo,

lim Yy, 7(w) = Li7<0o}(w) = 0, fT(w)=o00

n— oo

Since |Yp,, r| <1 for every n € N, by the bounded convergence theorem,

1
lim E(Yy, r) = lim

n— 00 n—oo en

=1= E(]I{T<oo}) = ]P’(T < OO)
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Proposition 11.27. Consider a measurable space (€2, F), a set E C N, a stochastic process (Z,, : @ — E | n € N),
and let F,, = 0(Zy,...,Z,) for every n € N. Furthermore, for every n € N, let G,, be given by

gn:{U{Zozio,...,Zn:in}|Ae7>(E"+1)},

i€EA
where i = (ig,...,i,) and P(E™"!) is the set of all subsets of E"*1. In that case, F,, = G,.

Proof. For some n € N, consider a set given by

i€A i€A k=0

for some A € P(E™*1!). For every k € N, recall that

O’(Zk) :{ U {Zk :’ik} ‘ Ay EP(E)}

ik EAK

The set A is countable, since it is a subset of the countable set E™"*!, which is a finite Cartesian product between
countable sets. Because {Z, = iy} € F, for every k € {0,...,n} and iy € E, we know that G,, C F,,.
For some n € N, let A = Ag X --- X A,, where A, € P(FE) for every k € {0,...,n}. In that case,

UNz=i= U U ﬁ{zk=ik}=(U {Zo=io}>””'”< U {zn:in})

1€A k=0 i9€EAQ in €Ay k=0 i0E€EAQ in€AL

Since E € P(E), note that o(Z;) C G, for every k € {0,...,n}. Because F,, = o(U}_,0(Zy)) and G,, C F,,
showing that F,, = G,, now only requires showing that G, is a o-algebra on 2.

For some n € N, let A = E"*!. Using the previous result, we know that Q € G,,.

For some n € N, consider a sequence (G, € G, | m € N) where

Gn,m = U {ZO :i07~--;Zn :Zn}
1€Am
for some sequence (A,,, € P(E") | m € N). Clearly,
UGum=U U {Z=io,.... Z0 =in} = (J{Z0 =i0. ..., Zn = in},
m m i€A, €A

where A = U,,, A,,,. Because A € P(E™"!), we know that U,, Gy m € Gp.
For some n € N and every A € P(E"!), note that A° € P(E"*!) and AU A¢ = E"*! so that

{U{Zozio,...,Zn:in}}u{ U{Zozio,...,Zn:in}}: U {Zo =iy, Zn =in} =

i€A 1€AC i€ Entl

Since the leftmost sets above are disjoint, if G, € G,,, then G¢ € G, so that G, is a o-algebra on .
O

Proposition 11.28. Consider a probability triple (Q2, F,P), a random variable Z : @ — N, and a non-negative
function h : N — [0, 00]. In that case,

E(h(Z)) =) h(z)P(Z = 2).
zeN
Proof. For every B € B(R), note that h='(B) € P(N), where P(N) is the set of all subsets of N. Because
P(N) C B(R) and Z~*(h=1(B)) € F, we know that h(Z) is a random variable. For every w € €, note that

MZ) ) = MZW) = 3 b 7=y ).

z€N

76



Since h(z)l{z—.y is a non-negative random variable for every z € N,

E(h(Z)) =E (Z h(z)]I{Z:Z}> =Y h(2)E (Iiz=zy) = > _h(z)P(Z = z).

z€N zeN z€eN
O

Proposition 11.29. Consider a probability triple (2, F,P), a random variable Z : Q — N, and a function h : N —
R. If E(|h(Z)]) < oo, then

E(h(Z)) =) h(z)P(Z = 2).
z€N
Proof. Note that h(Z) : Q@ — R is a random variable and let h = h™ — h~. Using the previous result,
E(h(Z)) =E(h*(2) —E(h™(2)) =Y b (2)P(Z=2)-> h (:)P(Z=2)=) h(z)P(Z = 2).
z€N z€N z€N
O

Consider a probability triple (2, F,P), a set E C N, a stochastic process Z = (Z, : @ = E | n € N), and let
Fn=0(Zo,...,Zy,) for every n € N.

Let P be a stochastic matrix whose (i, j)-th element is given by p; ; > 0 and suppose that ), ppix = 1 for
every i,j € E. Let pu be a probability measure on the measurable space (E,P(E)), where P(FE) is the set of all
subsets of E, and let u; denote p({i}) for every i € E.

Finally, suppose that Z is a time-homogeneous Markov chain on E with initial distribution u and 1-step transition
matrix P. Recall that, for every n € NT and ig, i1,...,i, € E,

n
P(Zy =io, Z1 = i1,y Zn = in) = WigPinyis - Pin_1,in = Hig sz‘k_l,ik~
k=1

Definition 11.13. For every n € N and i,41 € E, let p(Zn,int1) : @ — [0,1] be given by p(Z,,int1)(w) =
Pz, (w)ing1-

We will now show three propositions regarding such time-homogeneous Markov chain.

Proposition 11.30. First, for every n € N, iny1 € E, p(Zn,iny1) = Bz, =in 1y | Fn) = P(Zny1 = ing1 | Fn)
almost surely.

Proof. For every c € R, note that

{p(Zn,ins1) < c} = U {we Q] Zy(w) =iy and p;, i,y < ¢} = U {Zn = in} N {Dipin, < b
in€E in€E

Since {p;, i, < c} € {0,Q} for every i,, € E, we know that {p(Z,,int1) < ¢} € 0(Z,), so that p(Zy,,iny1) is

o(Z,)-measurable. Because |p(Z,,in+1)| < 1, we know that E(|p(Z,,in+1)]) < 1.
For every w € Q, n € N, and i, ...,i,41 € F, note that

. . ) PZ (@) ins s if Zk(w) =g for k € {0,...777,},
Znaln I =i =i W) = Pin,i I =3 =i w) =
(p( +1) {Zo=i0,--,Zn n,})( ) = Di,,, 14 Zo=i0,....Zn zn}( ) {0, otherwise.
Therefore, for every n € N, and i, ...,in+1 € E,

E(0(Zn; int1){ Zg=ig,....Zn=in}) = Pinsinia BgZo=io,.... Znmin}) = Pinins1 P(Z0 = 0, -+ s Zn = in).
Clearly, for every n € N, and ig,...,i,41 € F,

E(H{Zn+1=in+l}H{Z0=i07~~-7zn=in}) = IP(Z() = io, ey Zn+1 = in+1) = pin,in+1IP(ZO = io, ceey Zn = ’Ln)
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For every n € N, recall that every set F,, € F,, can be written as

Fo=|J{20 =i0,..., Zn =in},

€A
where i = (ig,...,i,) and A € P(E"") is a countable set. Because F}, is a union of disjoint sets,
I[F - ZH{ZO =10, n—ln}
€A

Therefore, for every n € N and F,, € F,,, since p(Z,,in+1) > 0 for every in41 € E,
E(p(Zna Zn+1 HF ZE na Zn+1 H{Zg =00 yeens ,szn} = ZpiminJrlP(ZO = i07 ceey Z’ﬂ = Zn)a
i€A €A

where i = (ig,...,i,) and A € P(E™"!) is a countable set. Using our previous observation,

E(p(Zn,int1)lF,) =E (H{Zm_w} > Tize—io.. zn_z-n}> =E(I(z,,,=in.1}IF,)s
i€EA

so that p(Zn,iny1) = E(lyz, =i, 1y | Fn) = P(Znt1 = ing1 | Fr) almost surely.
O

For every n € N and 4,41 € E, note that p(Z,,in41) is 0(Z,)-measurable and o(Z,) C F,,. Therefore, we also
know that p(Z,,,in41) = E(Iyz, ., —i.1} | Zn) = P(Zny1 = ing1 | Zp) almost surely.

Proposition 11.31. Second, for every n € N and i,41 € F,
P(Zn+1 = int1) = ) Pinsints P(Zn = in)-
in€E

Proof. For every n € N and i,41 € F, using a property of conditional expectations,

]P)(ZnJrl = Z’nJrl) = E(H{Zn+1:in+1}) = E(E(H{ZH+1:i71+1} | fn)) = E(P n Z'rLJrl Z pzn,zn+1 = Z77,)7
in€E

where we have noted that p(Z,,int1) = fi,.,(Zn) if fi,,, : N = [0,1] is given by f; ., (in) = i, in 1-

Proposition 11.32. Third, consider a function h : E — [0,00] and let Ph : E — [0, 00] be given by
= Z pi,ih(j)
JEE
Furthermore, suppose that Ph < h (so that h is P-superharmonic) and that ), 5 pih(i) < oo.
In that case, (h(Z,) : 2 — [0,00] | n € N) is a supermartingale adapted to the filtration (Fy, ).

Proof. For every B € B(R), note that h~(B) € P(E). For every n € N, because P(E) C B(R) and Z,/ 1 (h~1(B)) €
0(Z,), we know that h(Z,) is F,-measurable. Therefore, the stochastic process (h(Z,) | n € N) is adapted
We will use induction to show that E(h(Z,)) < oo for every n € N. Using our assumption and a previous result,

=Y h(io)P(Zo =1i0) = Y piyhlio) < 0o
ig€EE S

Suppose that E(h(Z,)) < oo for some n € N. Using a previous result,

E( n+1 Z h 7'n+1 n+1 - 7fn—i—l Z h Zn-i—l Z pzn,1n+1 = Zn)

int1€EE int1EE in€EE

By rearranging terms, since h is P-superharmonic,

E(h(Zn41)) = Z P(Zn = in) Z Piingr (in41) < Z P(Zn, = in)h(in) = E(h(Zy)) < o0,

in€E int1€E in€E

78



which completes the inductive step.
It remains to show that E(h(Z,41) | Fn) < h(Z,) almost surely for every n € N.
For every n € N, note that h(Z,41) : Q — [0, 00] is given by

WZys1) (W) = M Zp41(w)) = Z h(ing 1)z, =ina} (W)-

int1E€E

Therefore, if (X, : @ — [0,00] | m € N) is a sequence of random variables given by

Xm(w) = Z h(in+1)l{zn,+1:in+l}(w)7

int1€E|in+1<m

then X, T h(Z,41). Since E(h(Z,41)) < 00, by the conditional monotone-convergence theorem,

]E(h(Zn-H) | ]'—n) = lim T4 Z h(in-&-l)]E (]I{Zn+1:in+1} ‘ fn) = Z h(in+1)p(vain+1)HA

m—r oo
in+16E|in+1 <m in1€E
almost surely, where A € F,, is a set such that P(A4) = 1.
For every n € N, note that (Ph)(Z,) : Q — [0, 00] is given by

(Ph)(Zn) (@) = (PR)(Zn(@)) = Y Pzy@)ingh(ins1) = D P(Znying1)(@)h(inga)-

int1€E int1€EE

Therefore, for every n € N, because h is P-superharmonic,

almost surely, so that (h(Z,) : Q2 — [0,00] | n € N) is a supermartingale adapted to the filtration (F,, ).
O

Proposition 11.33. Consider a set £ C R, a measurable space (Q,f"), and a stochastic process (Zn Q> F |
n €N). Let Z: Q — E* be given by Z(@) = (Z,(@) | n € N). For every n € N, let Z,, : E% — E be given by
Zn(w) = wy, and let F = 0(U,o(Zy,)). In that case, Z is F/F-measurable.

Proof. For every n € N, note that Zn = Zyno Z,so that Z;(B) = Z~Y(Z;*(B)) for every B € B(R). Because Z,
is F-measurable for every n € N, we know that Z~(C) € F for every C € U,0(Z,).

Since (E*°, F) is a measurable space, note that £ = {F € F | Z7Y(F) € ]-"} is a o-algebra on E*°. Because
Uno(Zn) C F, we know that o(U,0(Z,)) = F C &, so that & = F. Therefore, Z is F/F-measurable. O

Proposition 11.34 (Existence of the canonical model). Consider a set E C N and a stochastic matrix P whose
(i,7)-th element is given by p; ; > 0 and suppose that », _,p;x = 1 for every i,j € E.

Let Q = E®, so that every w € Q is a sequence w = (w, € E | n € N). For every n € N, consider the function
Zn : Q — E given by Z,(w) = w, and let F,, = o(Zy, ..., Z,). Furthermore, let F = 0(Zy, Z1,...) = o(UpFp).

In that case, for every probability measure p on the measurable space (E,P(F)) there is a unique probability
measure P# on the measurable space (Q, F) such that, for every n € N and i, 41,...,i, € E,

P¥(Zo =io, Z1 = i1, ..., Zn = in) = [igPio,ir - - - Pin_1,in = Hig Hpik_l,ik~

The probability triple (2, F,P*) is called the canonical model for the time-homogeneous Markov chain Z =
(Zp : Q2 — E|n € N) on E with initial distribution p and 1-step transition matrix P.

Proof. We have already shown that there is a probability triple (QH, f“,@“) carrying the stochastic process (Z* :
Of — E | n € N) such that, for every n € N* and iq, i1, ...,i, € F,

" no_ L __ —
PH(ZE =0, Zi = ix, .., 2B = in) = PigDisir - - Pinr.in-

Consider the function Z# : Q#* — Q given by Z*(@) = (Z/(@) | n € N). Because Z* is F*/F-measurable, the
function P* : F — [0, 1] defined by

PH(F) = BH((Z2")1(F)) =P*({o € 9" | 2"(&) € F})
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is a probability measure on the measurable space (§2, F). Clearly, P*(Q) = Pr((Z*)~1(Q)) = P#(Q*) = 1 and
P(D) = PH((Z*)~1(0)) = P#()) = 0. For any sequence of sets (F,, € F | n € N) such that F,, N F,, = ) for n # m,

P (U F) - (@‘rl (U F)) —p (U@Lrl um) - (2 (R) = SR,

n

where we have used the fact that (Z#)~! (F,) N (Z*)~ 1 (F,,) = (Z*)~' (F, N Fy,) = 0 for n # m.
For every n € Nt and 149, 1,...,i, € E,

PH(Zo =i, Z1 = i1,y ..., Zn = ip) = PH({@ € Q" | ZMQ) € {w € Q| Zo(w) = i0, Z1(w) = i1, ..., Zn(w) = in}}).
Because Q = E* and Z,,(w) = wy, for every m € N,
]P)M(Zo = io,Zl = il, ey Zn = Zn) = IFD‘U’({(Z) S QH | Z{)L((I)) = io, Z{L((:)) = il, . ,Zﬁ((:]) = Zn}) = uiopi07i1 .. 'pin—l,in’

so that a probability measure on (€2, F) with the desired properties exists.
Naturally, any two desired probability measures on (€2, F) must agree on the m-system Z C F given by

I:{@}U{{Zozzo,,Zn:zn}|n€Nandzo,,zneE}}

Therefore, if 0(Z) = F, then P# will be the unique probability measure on (2, F) with the desired properties.

First, we will show that Z is indeed a m-system on Q. Clearly, IN( = () and ) € Z for every I € Z. For
some n € Nand ig,...,i, € E, let I = {Zy = io,...,Zn = in}. For some m > n and jo,...,jm € E, let
I, ={Zy = jo,---+Zm = jm}- In that case,

11 ﬂIQZ{WEQ|ZQ(OJ):iozjo,...,Zn(w):in:jn7Zn<w>:jn,...,Zm(w):jm},
so that

L AL = I,, if iy = jy for every k € {0,...,n},
o 0,  if ig # jj for some k € {0,...,n}.

Therefore, I1 NI € Z, so that Z is a w-system on ).
Finally, we will show that 7 C o(Z). For every n € N, recall that the o-algebra F,, is given by

‘7:”:{U{Z(’:ioﬂ"wzn:in}|Ae’P(En+l)}’

icA
where i = (ig,...,i,) and A is a countable set. For every n € N, because each F,, € F,, is a countable union of

elements of Z, we know that F,, € o(Z). Therefore, U, F,, C o(Z), so that F = o(U,F,) C o(Z).
O

Consider a set E C N. Let P be a stochastic matrix whose (¢, j)-th element is given by p; ; > 0 and suppose
that >, ppix =1 for every i,j € E.

Let (2, F,IP*) denote the canonical model for the time-homogeneous Markov chain Z = (Z, : @ - E | n € N)
on F with initial distribution p and 1-step transition matrix P, where p is a probability measure on the measurable
space (E,P(E)). For every i € E, let P* = P* if ;({i}) = 1. Furthermore, consider the filtration (F,),, where
Fn =0(Zo,...,Z,) for every n € N. Finally, for every j € E, consider the stopping time Tj : @ — N U {oo} given
by Tj(w) = inf{n € N* | Z, (w) = j}.

Definition 11.14. The stochastic matrix P is called irreducible recurrent if and only if P*(7; < oco) =1 for every
i,7 € F.

Definition 11.15. For every function h : E — [0, 00|, let Ph: E — [0, 0] be given by

(PR)@E) =Y piih(j)-

JEE

The function h is called finite non-negative P-superharmonic if and only if Ph < h < co.
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Proposition 11.35. The stochastic matrix P is irreducible recurrent if and only if every finite non-negative P-
superharmonic function is constant.

Proof. First, suppose that the stochastic matrix P is irreducible recurrent. Consider a finite non-negative P-
superharmonic function h : E — [0,00] and the stochastic process h(Z) = (h(Z,) : & — [0,00] | n € N).
Because h < oo, for every i € F, a previous result guarantees that h(Z) is a supermartingale on the filtered space
(Q,F, (Fn)n,PY).

For every j € E, recall that the random variable h(Z)7; :  — [0, 00] is given by

h(j), if T;(w) < oo,
0, if Tj(w) = oo.

Because h(Z,) > 0 for every n € N and P/(T; < oo) = 1 for every i,j € F, a previous result guarantees that
E'(h(Z)1,) < E'(h(Zy)) for every i,j € E. This implies that h is constant because, for every i, j € E,

h(j) = E'(h(Z)1;) < E'(h(Z)) = Z h(io)P"(Zo = io) = h(i).

Suppose that every finite non-negative P-superharmonic function is constant. For every ¢,j € E, note that

PUT;=1) = Zpk,g (Zo = k) =pi;.
keE

For every n € Nt and 4,5 € E, we will now show that

P(Tj=n+1)= > piuP*(T; = n).
k#j

For n =1 and every i,j € F,

PUT; =2) =P (Z1# . Za=35) =P | | J{Z1 =k} n{Za =3} | =D P (21 =k, Zo = j).
k#j k#3j

Since P(Zy = i) = 1,
PUTj=2)=) P(Zy=iZy=hk,Zo=j) =Y pispk;j =Y pislP"(T; =1).
k#j k#j k#j

For every n > 2 and i,j € F,

P(Ty=n+1)=P(Z1# 4, Zn# 5, Znpr=5) =P | | -+ U {Z1=Fo- . Z0 = kn1, Zny1 = 4}
kO#] k?",175j

Since P{(Zy = i) = 1,
PY(Tj =n+1) Z Z P (Zo =i,Z1 = ko, .., Zn = kn_1, Zn+1 = j).
ko#j kn_1#]

From the definition of P?,

P(T;=n+1)= Z Pi ko Z Z Pho,key *** Phy2,kn—1 Pl 15+

ko#j k1#£j7 kn—1#£]7

From the definition of P*o,

PZ(T =n+1 Zp"kopo U U {Zl_kla'“ n— l—kn 17Z —]} :Zpi)k;]P)k(T’j:’I’L)7

ko#j k1#j kn_1#£3 k#j
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which completes this step.
For every i,j € E, we will now provide a recursive expression for P*(T; < 0o). First, note that

P(T; < 00) = <U{T—n}> S P(T;=n)=P(Tj=1)+ > P(T;=n+1).

neN+t neN+t neNt
Using the previous results,
Pl(TJ < OO) = pl,j + Z sz’kpk(T] = ’I’L) = pi,j + Zpi’k Z Pk(T] =n
neNt k#j k#j neN+

Therefore,

Pi(Tj <o0)=p;;+ ZkaPk ( U {T; = n}) =pi;+ Zpi7kpk(7} < 00),

k#j neNt k#j
which completes this step.
For every i,j € E, let h;(i) = P{(T; < oc). Since P/(T} < o0) < 1,
i) =pij+ > pikhi(k) = pixhi(k) = (Phy)(i),
k#j keE
so that h; : E — [0, 00] is finite non-negative P-superharmonic.
By assumption, for every j € E there is a constant p; such that h;(i) = p; for every i € E. For every i,j € E,
pi = hi(i) =pij+ Y pirp; = pij+ pi(1—pij)-
k#j

By reordering terms, we know that p;p; ; = p; ; for every i,j € E.
In order to complete the proof, we will show that for every j € E there is an ¢ € E such that p; ; > 0, which
implies that p; = 1. For every 4,j € E, let f;(i) =1if i = j and f;(i) = 0 if ¢ # j, so that

(Pf)E) =Y pinti(k) =pij.

keE

If there is a j € E such that p; ; = 0 for every ¢ € E, then f;(i) > (Pf;)(i) = 0, so that f; : E — [0,00] is a
finite non-negative P-superharmonic function. Because f; is not constant, such j € I does not exist.
Because p; = 1 for every j € E and p; = h;(i) = P/(Tj < o) for every i € E, the proof is complete.

12 Martingale convergence

Consider a filtered space (Q, F, (Fp)n, P).

Proposition 12.1. Consider an adapted process (X,, | n € N), a stopping time S : @ — N U {oo}, and a set
B € B(R). Let the function 7' :  — NU {oo} be given by T'(w) = inf{n > S(w) | X,,(w) € B}, where inf ) = co
The function T is a stopping time.

Proof. For every n € N,

{T <n} ={we Q| X;(w) € B for some k <n such that k > S(w }—UX B)n{S <k-1}.
k<n

For every k < n, we know that X} is F,-measurable and {S < k — 1} € F,, so that {T' < n} € F,,. Because
{T < o0} € Foo, we know that T is a stopping time.
O
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Definition 12.1. Consider an adapted process (X, | n € N). Let To(w) = —1 for every w € Q. For some a,b € R
such that a < b and every i € NT, let S; : @ = NU{oc} and T; : @ — NU {co} be given by

Si(w) =1inf{n > T;_1(w) | Xp(w) < a},
T;(w) = inf{n > S;(w) | X,(w) > b}.

For every n € NT, the number of upcrossings U, [a, b] of [a,b] by time n is defined by

Unla,b] = sup ilir,<ny-
1ENT

For every w € Q, Uy[a, b](w) is the number of times that Xo(w), ..., X, (w) goes from below a to above b.
Proposition 12.2. For every i € N*, the functions S; and T} are stopping times.

Proof. From a previous result, S; is a stopping time, so that 7} is also a stopping time. If T; is a stopping time for
some i € NT, then S;;; and T;,1 are stopping times. O

Proposition 12.3. Consider an adapted process (X, | n € N). For every a,b € R such that a < b and every
n € NT, the number of upcrossings U, [a, b] is an F,,-measurable bounded non-negative function.

Proof. Because T; is a stopping time for every i € NT, we know that il{1,<n} 1s non-negative and JF,-measurable.
Therefore, Uy, [a, b] is non-negative and F,,-measurable. For every w € Q and ¢ € Nt such that T;(w) < n, note that
0<S1(w) <Th(w) <...<8S;(w) <T;(w) <n, so that T;(w) > 2i — 1. Therefore,

Unla,b] = sup ilygi_1<m,<ny = sup  ilyr,<ny,
ieNt i<

which implies that Uy [a,b] < [241]. O

Lemma 12.1 (Doob’s upcrossing lemma). Consider a supermartingale X = (X,, | n € N). For every a,b € R such
that @ < b and n € N*,

(b — a)E(Upla, b)) < E(max(a — X,,0)).
Proof. Consider the stochastic process C = (Cy, : @ — {0,1} | n € N), where Cy = 0 and

Cn = sup H{Si§n71<Ti}
ieN+
for every n € NT. Because S; and T; are stopping times for every i € NT, we know that Itg,<,—1} and I{7,~,—13 =

Iy7,<n—1)c are Fy,_1-measurable for every n € N*. Therefore, C is previsible.
Consider the martingale transform (C e X) = ((C @ X),, | n € N), where (C e X)o = 0 and

n

(CoX)y = Cp(Xy— Xp_1)
k=1

for every n € N*. Because C is bounded and non-negative, (C' @ X) is a supermartingale.
For every w € Q and k € NT, note that C(w) = 1 if and only if (k — 1) € [S;(w), T;(w)) for some i € NT.
Therefore, for every w € Q and n € N,

Upla,bl(w) Ti(w) n
Coxp)=] 3 3 Xilw) - Xpaw)| + S X - X W)
i=1  k=S;(w)+1 k=SU, [a,b](w)+1(W)+1

By rewriting the sums of differences,

U, [a,b]
(C e X), = X1, — Xg, | + [Xn - XSU,l[a,b]+1] H{SUn[a,b]+1<n}7
1

1=
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where X, = 0. For every w € Q, if i < U,[a, b](w), then X7, (,,)(w) — Xg,(w)(w) > (b — a). Therefore,
(C [ ] X)n Z (b — a)Un[a, b] + [Xn — XSUn[a,b]+1:| ]I{SUn[a,b]+1<n}'

Let L = [X" *XSun[a,bHJ Lisy, (0ys1<ny- For every w € Q, if St jab)w)+1(w) = n, then L(w) = 0. Now
suppose Sy, a,b)(w)+1(W) < n. I Xp(w) > X, 0 iw) (W), then L(w) > 0. I Xp(w) < Xy 0oy (@) (@)
then X, (w) < a and —L(w) = | Xp(w) = Xs;, 1 10rs (@) (W) < [Xn(w) — a] = max(a — X5 (w),0). In every case,
L(w) > —max(a — X,,(w),0). Therefore,

(CeX), > (b—a)U,la,b] —max(a — X,,,0).
Because (C' e X) is a supermartingale and (C e X )y = 0,

0> (b—a)E(Uy,la, b)) — E(max(a — X,,,0)).

Definition 12.2. A stochastic process (X,, | n € N) is bounded in £!(Q, F,P) if
supE(|X,]) < oo.
Proposition 12.4. Consider a supermartingale X = (X,, | n € N) bounded in £!(Q, F,P). For every a,b € R such
that a < b,
P(Usla,b] = 00) =0,
where Us[a, b] = lim,,—, oo Uy [a, ].

Proof. Note that Us[a,b] : Q — [0, 00] is well defined because U,,11[a, b] > U,[a, b] for every n € NT.
For every n € NT, by Doob’s upcrossing lemma,

(b — a)E(U,a,b]) < E(max(a — X,,,0)) =E(X, —a)”) =E(|X, —a|) - E(X, —a)") <E(|X, —a).
For every n € N*t, by the triangle inequality and because X is bounded in £(Q, F,P),

(b — a)E(Upla, b)) <E(X,|) + la| < sgp]E(\XkD + |al.

By the monotone-convergence theorem, since U,[a, b] T Us[a, ],

(b — a)E(Uxla,b]) = lim (b — a)E(Uy,la, b)) < sng(|X;€\) + |a] < oo,

n—o0
so that E(Usa, b]) < oo, which implies P(Ux[a,b] = o) = 0. O

Theorem 12.1 (Doob’s forward convergence theorem). Consider a supermartingale X = (X,, | n € N) bounded
in £1(Q, F,P). If Xo, = limsup,,_, ., Xy, then lim, ,, X,, = X almost surely and |X | < oo almost surely.

Proof. Let A = {w € Q| lim,,_,oc X,,(w) does not exist in [—oo, cc]}. In that case,

A={we Q] liminf X,,(w) < limsup X, (w)}.
n—oo

n—oo

For every w € Q, liminf, . Xp(w) < limsup,_, . Xn(w) if and only if liminf, o X,(w) < a < b <
lim sup,,_, . X, (w) for some rationals a,b € Q. Therefore,

A= U {we Q| liminf X, (w) < a < b < limsup X, (w)}.
a,beQla<b nree n—reo

For every w € Q, if liminf,, . X,(w) < a, then X, (w) < a for infinitely many n € N. Similarly, if b <
limsup,,_, o Xn(w), then X, (w) > b for infinitely many n € N. Therefore,

Ac | {weQ|Uxlo,b(w) = oo}
a,beQ|a<b
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Because the set of rational numbers Q is countable and by a previous result,

P(A) < > P(Usla,b] = 00) = 0.

a,beQ|a<b

Therefore, almost surely,

lim X,, = liminf X,, = limsup X,, = X.

n— oo n— oo n—oo

Because |Xoo| = limy, o0 | Xp| = liminf,, o | X,;| almost surely and by the Fatou lemma,
E(|Xw|) =E (hminf |Xn|) <liminfE (|X,,]) < sup E(|X,]) < co.
n— 00 n— o0 n

Therefore, P(| Xoo| = 00) = 0, so that | X | < co almost surely. O

Proposition 12.5. Consider a non-negative supermartingale X = (X, : @ — [0,00] | n € N). If X =
lim sup,,_, o X», then lim,_, . X,, = X almost surely and |X| < oo almost surely.

Proof. For every n € NT, we know that E(X,) > E(X,,) = E(|X,,|). Therefore, sup,, E(|X,,|) < E(Xj) < oo, so that
the supermartingale X is bounded in £'(Q, F,P). O
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